JFSTIssue6(2019) 130-139

JOURNAL OF THE FACULTY OF SCIENCE AND /& 57%

.(77 A-.R/A '.. y 7‘,:] . "" 4 ? ‘.
)\ C"” TECHNOLOGY JDIRT =
(S BN ISSN 1858-6007 NN\
G =\
rs Y' \ =

) Sty ) addadl) 55y — duadhua¥l Gl 3 ol Aaala - ASUGN 5 a glad) S Laa
e
Research article

Appropriate Probability Density Function of Convex Bodies

Khalid A. Ateial, Tarig A. Abdelhaleem?

!Department of Mathematical Science - Faculty of Education Red Sea University — Port Sudan - Sudan
2Department of Mathematical Science- Collage of Computer and Mathematical Science- University of Bahri -
Khartoum Sudan. Correspondence: University of Bahri , Khartoum, Sudan - E mail tarigaaxxx@gmail.com

Abstract

We investigate under the notion of Large Deviation Principle & Concentration of Measure as a
technique,the ability of estimating the probability density function of any random vector in the
space R™. We found that an appropriate probability distribution for any convex body in the space
IS sub — Gaussian.
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1. Introduction

In the space of probability measure,
the law of large numbers scales the

probability that, =2 E[X La.s |
where {X;,i € N} is a sequence of
random variable which is independent
and identically distributed. The
quantity S, stands for the nt* sum of
X;;i=1,..,n. So, and according to
the forgoing convergence we can
conclude that
S
lim P (|7”— E[X]| > g) _

n—oo

The point %" is some fixed point on the

probability space. If we investigate on
where it placed we can deal with two

probabilities: The first one take %” to
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be in some Borel A subset of the o —
algebra of the probability space

(%” € A). The second one takes ‘%” to
be near some fixed point x,that is,
(%” € dx). To describe the measure of

these probabilities we need to have a
distribution function.(Srivastava,
1973) was described the estimation of
the distribution function (for short) and
he state that, EX) =

b Xis < '
[num ers:tf i$ x]_ We will stop here

for a second. The numerator of E,(X)
stands for a level set which supporting
the F,(X).Maarten Loffler and Jeff
M.(L6ffler and Phillips, 2009) ] was
investigate the shape of the level set.
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So to produce a  density
function(for short(DF)), we need a
level set for which X;s < some known
quantity, which is confirm with the
principle of well organized. This level
set demands some mild conditions. By
the other hand, to generate the
probability density function (pdf for
short) for a certain (DF) we also need
a sequence of &, numbers which g, —
0asn — oo,

Lemma (Parzen) 1.1 : Let {h(n)} be
a sequence of numbers such that
h(n) - 0 as n— o and K(y) be a
Borel function which positive definite,
symmetric and 1K = 1,
sup K(y) < oo and yliggolyK(y)I - 0:

The estimate:
F X) = Ljoo
fn - h( )

nh(n) ( h(n) ) """ @)

Is asymptotlcally at all points of X at
which pdf is continuous.

Its variance is given by ¢? (fn(x)) =

1 . .
—var <h( )K(h( ))> and satisfies the

following equation:
lim nh(n)o? (fn(x))
n—->oo

~ 0 [ K2yay
At all points x of continuity of f(x).
If nh(n) - o as n — oo, then f,,(X)
IS consistent,
It is asymptotically normal, that is

() 4B

(h) - F)
(fn<x>)

<u

lim P

n—oo

).

V- It is uniformly consistent, that is, for

every

P{Supx|fn(X) - f(x)| < 8}

-»1asn—-oo

If the (pdf) is uniformly continuous.
Form Parzen Lemma, we can conclude
that for a Borel function, to guarantee
the estimation f,(X), it demand to
satisfies that it has a density ||K||, =
1 with zero mean ;1_{210 lyK(y)| =0

and identity covariance (cov (X) =
K?Id) with domain lim |[yK (y)| — 0.
y—00

By the other hand the same Lemma
obtains the sufficient conditions for
appropriate (pdf).
As we mentioned before, to measure
(S—”EA) or (S—”edx) and with
n n
respect to Parzen Lemma, we can deal
with the large deviation principle( for
short). So from the law of large
number to large deviation, we check
that in (i — 1ii ) of Parzen Lemma the
formula of the plausible probability
density function in the sense of large
deviation principle. So for a level set
we can describe the notion of convex
set to be the mother set of any random
variable.

(Dembo, 1998) ] had removed from a
sequence of random variable, to
generate the (pdf) wusing large
deviation as technique in a sense that if
Xi,...,X, 1S independent, standard
normal, real — valued sequence of
random variable with empirical mean

A 1
Sn =~ “.X; and zero mean and
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variance =, then P(|$,| = &) - 0, and
for any Borel set 4, then P(|S,| =
2

- 51
6)n—>ooﬁ

conclude

IR e"zdx. Then we
that  ~logP(|$,] =

6)nToo’—§,where§n =sinA.
Under the notion of Concentration of
Measure we can relate any probability
measure u of any probability space to
another probability measure o with an
affine transformation map T:R" —
R™, in a sense of convergence .
Theorem 1.2 :Let X be a normed
space and let T be a subset of S™1.
Then for every >0, if E; <
CeE(X), there is a linear operator
A:R" - X with; (1—¢) <||At]| <
(14+¢); for all teT, C>0 is a
universal constant.

This topic shall investigate the convex
set as container set of random variable,
and its log — concave function as a
probability density; for the purpose of
P(x € K). Our main result Corollary
(4.7) gets an appropriate pdf for the
distribution of random vector in a
convex body in the space.

Our paper will organize as follows. In
2" section we will investigate the
notion of Large Deviation Principle &
Concentration of Measure as an
important technique to estimate the
appropriate pdf. In the third section,
we will describe the notion of the log —
concave function and its
appropriateness to be as probability
density function for any random
vector. We know that every log —

concave function can create a convex ii

body. The fourth section takes the
notion of convex bodies in the space as
appropriate body to concentrate within
the space, and it contains our main
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result Corollary (4.7). At the end we
give a brief discussion.
Appropriation of Concentration of

Measure & Large Deviation
Theorem in Estimation of
Probability Density Function

From measure theory point of view,
given a sequence of probability
measures u,, we say that u,, converge
(weakly) to u or simply u, - u if
lim [ fdu, = [ fdu for every f €

n—oo

C,(E) (space of bounded continuous
function). For a good reference of the
topic refer to(Dembo, 1998, Morters,
2008, Touchette, 2011). The theory of
large  deviation calculates the
exponential rate of decay of this
convergence on a closed interval under
probability measure. (Morters, 2008)
had explained an  appropriate
definition for LDP; Throughout, the
probability measure on a measure
space (E,B), where E is a polish
(separable complete metric space) and
B is the corresponding o — lagebra
of the Borel sets, to motivate the
definition of LDP we recall two facts:
By definition, a sequence of

probability measures {P.}nen
converges weakly to a probability

measure P if and only if
lim [ fdP, = [ fdP, or equivalently:
n—-oo

For every open set U

lim infP,(U) = P(U), or

n—-oo

For every closed set C:
lim inf P, (C) < P(C)

n—-oo

If a, ..., a; € R, then:
lim n~tlog(Xl, e %) = —inf; a;.

Definition2.1: Let {P,},ey be a
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family of probability measure on a
polish space E and let I: E — [0, o) be
a function:

We then say that the family {P,},en

satisfies a large deviation principle
with rate function I, if the following
conditions satisfied:

For every a > 0 the set {x:I(x) < a}

IS compact.

For every open set U:
lim inf P, (U) 2 — infeey 1(x)

n—-oo

For every closed set C:

lim sup%Pn(C) < —inf,¢c [(%).
n—-oo

We say that the family {P,},.en
satisfied a weakly LDP with rate
function I, if I is lower semi -
continuous and  the  forgoing
statements are true.

As we mentioned before to deal with
the theory of probability measure, we
need a sequence (¢, > 0 as n — o)
and a level set.

Definition 2.2: Fix a metric space M.
A function I: M — [0, o) is called

A rate function if its lower semi —
continuous, which means that the level
set {x € M:1(x) < a} are closed for
any a = 0.

A good rate function if the level set are
compact for any a = 0.

Definition2.3: A sequence of random
variable X;, X,,... with values in a
metric space, is said to satisfy a large
deviation principle with:

Speed a,, = oo and,

Rate function [

If, for all Borelset A c M,
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lim supailogP{Xn € A} <
n—-oo n

—infyee 4 1(X)
lim infailog P{X, € A} >
n—-oo n

— infye e 4 1(X)

Notation: the condition a, = o
stands in (Eldan and Klartag, 2008) for
nh(n) - co.

Definition (2.3) show the bounds for
the LDP. By the other hand, it state
that the random variable X,, or itspdf
satisfyLDP if the following limit exist:

lim —lln Py, =1(x) ... (4)

n—oo n
This implies that Py ~ e ™™/,

From static mechanic point of view,
the rate function can be considered as
the difference between energy function
and some kind of entropy. We will get
that in Cramer’s Theorem later. By the
other hand, the rate function is called

large deviation rate, so we can think of
)

itas I(x) = O
Definition 2.4: A rate function I is a
lower semi — continuous mapping

I: X — [0,00), such that the level set
Y (a) ={x:1(x) <a} is closed
subset of X. A good rate function is a
rate function for which all the level
sets W,(a) are compact subset in X.
The effective domain of I, denoted D,
namely D;(a) = {x:I(x) < a}.

So, up to this definition the rate
function works to measure the degree
of concentrated around some (point of
event), and it can be -evaluated
numerically according to the moment
generating  function, see(Morters,
2008) for insure, and that appear
obviously in Cramer’s Theorem. Also
in the same theorem, we can see the
convexity of the rate function.
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Theorem (Cramer’s) 2.5: Assume
that [ e*? u(dx) < oo, for every v €
R4, Then the sequence {P,}satisfies
LDP with rate function:

I1(x) = sup,epa(x.v — A(v))

Where, A(v) = log [ e*V u(dx).

Lemma 2.6: For r € P,, the rate
function I,(7) measure the
discrepancy between r and g in the
sense that I,(r) > 0 and I,(r) = 0 if
and only if » = q. Thus I,(r) attains
its infimum of 0 over P, at the unique
measure r =q. In addition, I, is
strictly convex on P,, that is, for 0 <
A<landonly u # vin B,
I,(Ap+ (1 —)v)
< My (W)
+ A -DI;W) ... (6)
From the above clarifications we can
think of the level set as convex with
rate function as support function.

For more properties of the rate
function we have,
Theorem 2.7: Suppose that VY,

satisfies LDP on X with rate function
1. The following conditions hold:
The infimum of I over Xequals 0, and

the set of x € X for which I(x) =0 is
nonempty and compact.

Denote £ to be the nonempty, compact
set of x € X for which I(x) =0 and
let A be a Borel subset of X such that
ANnE=@. Then I(4) >0, and for
some C < o

P{Y, € A} < Cexp [— nI(/T)]

2

...... (7)
We can see that up to Equation (7),

that [P,{Y, € A} - Cexp[- ]| <

¢ for some ¢ € [0,1]. With the same
Equation we can remove from LDP to

the notion of Concentration of
measure. The concentration  of
measure plays an important role in the
estimation of pdf of any random
variable which distributed uniformly
on anybody in the space R".
Definition 2.8 : Let X be R™ with
norm ||.||. Let k = k(X) <n be the
largest integer such that:

M
oy ({F3 7 121 < 11

< 2M|x|, forall x € E})

1 ()
n+k

With Equation (8) we can see that the

probability of x € E has a density that

proportional to the function k -
n-1

<1 — (L)) ~ e~¢®) for large n.

n+k
Here C (k) is depends only on k.
Theorem 2.9:
If, for some orthogonal transformation

Uy, .., us ER™ and all x € R", |x]| <
1

7 Zizalluwxll < Clx]. Then (R™, |1
Contains, for each € > 0, a subspace

of dimension k = ["Ci;%] on which the

norm is (1+¢&) equivalent to a
multiple of the Euclidean norm, n > 0
IS a universal constant,

Moreover, the collection of all subspaces
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of dimension k having this property

has probability > 1 — exp (— Cc(ft) n),
here C(e) > 0 depends only on ¢ and
the probability measure is the
normalized Haar measure on the
relevant Grassmanian.

Conversely, there exist an absolute
constant C > 0 such that if for some
1<t<n and some &>0, the

+1)-

n
C2%e2t

collection of all (
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dimensional  subspace V  of
(R I.1D,  satisfying  |x| < [lx]| <

2|x| for all has probability larger than
1

2C2&2t’

So, we conclude that (1 —
1 1-n C(e)n
Zczezt) ~ eXp (_ c2t )

another point of view:
Theorem 2.10: Let ||.|| be a norm on
(R™), for every 0 < 8 < 1, there exist
a subspace Y of dimension [fn] of
(R% |I.1) For dy is bounded by a
constant depending on fS,t only.
Moreover, the collection of all [fn] —
subspace satisfying the conclusion
has probability tending to one as n
tends to oo.

dy stands for the natural
distance of Y to the natural Euclidean

Form

space.

The shape of a level set under
concentration of measure is had a ball
design

Theorem 2.11:For all 0 < a < 1 and
all e > 0;
min{c,,(4;):0,(A) = a} ... ... (9)

attained for a spherical cap C =
{x e S"L:d(x,xy) < r}with  x, €
S™1and r > 0 such that 6,,(C) = a.
Theorem (Concentration on S™°1)
212: Let f:S™1->R be 1-
Lipschitz function. Then for any & >
0;

P{If(x) — Ef ()| = Lgn-1€}

< 2exp(—Ce®n) ... ... (10)
Log — concave Measure: Geometric
Properties and its Density Function

Brunn — Minkowski inequality plays
an important role in the theory of
convex body and log — concave
measure, which it states that the well-
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known measure on a convex body is
the log — concave, and that the
distribution under this log — concave
has sub — exponential tail. (Klartag and
Milman, 2005) had investigated
widely the connection between the
convex bodies and log — concave
function. (Lovasz and Vempala) was
described the geometric properties of
the log — concave measure.

A function f:R™ - [0,00) is log —
concave, if for every x,y € R"™and
0<A<1, then fAx+ (1 + Dy) =
FAOOfr (). If 0 < [f < oo, then
f has moments of all order. We denote
the isotropic constant of a log —
concave function f as:

Ly
1
_ [ SWxern SOV et cov(pyyai ...
Jgn F () dx
Also, if f:R"™ - [0,0) is log —

concave with 0 < [ f <o and M is
the median of the Euclidean norm |. |
with respect to f, then by Borel’s
lemma we get'

|x|? f(x)
e s =
|x|? u(dx) = M?
Rn
We say that f:R"™ — [0,00) is in
isotropic  positionif  sup,ern f =

[f(x) =1, and Cov(f) is scalar
matrix. In other words Cov(f) =
L71d. For observation [|x|*u(dx) =
L7. In the same way, for every log —
concave function f:R™ — [0, 00) the
level set is Kq(t) = {x € R™: f(x) =
t}.

From another point of view for a log —
concave function to be a density
function for an isotropic random
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variable then f = gaussian density
function.

Theorem 3.1 : Let X be an isotropic
random vector in R™ with a log —
concave density. Let 1 < k < n° be
an integer. Then there exist a subset
EC Gny with Uni(E) =1 —
C exp(—n~¢) such that for any E € &,
the following holds: Denote by f the
density of the random vector
projg(x). Then,

fe(x) C
O 1| < (12)

For all x € Ewith |x| < n®. Here y(x) =

|2

—)is the standard
2

density in E, and
are universal

k
(2m) zexp (—
Gaussian
C,cq,C5,C3,c4 >0
constants.

We say that the random
variable X in R™ s in isotropic
position or isotropic if the following
holds: E(X) =0, Cov(X)=1Id. In
other words X~N(0,1).

Corollary 3.2: Let f:R"™ - [0,0) be
log — concave function which is in
isotropic  position, then for the
distribution function of any random
variable x € K¢, the appropriate
density function is equivalent to a
Gaussian density in such way that:

x~N(0,L}) ......(13)

Now let dy = 2 supycql[prob{X € A} —

prob{Y € A}] denote the total
variance distance, which X and Y are
some random variable in some
measure space (.

Theorem 3.3: There exist a sequence
&n = 0,6, > 0asn — oo for which
the following hold: Let n > 1, and let
X be a random vector in R™ with an
isotropic, log — concave density. Then
there exists a subset ® c S™1 with
0,-1(0) =1 -4, such that for all

@ €O;
dry(x,0),Z) < & ... ... (14)

Where, Z~N(0,1) is the standard normal

distribution.

Now, we had the following corollary.

Corollary 3.4 : Let X be a random
vector in R™ and satisfies LDP, with
an isotropic log — concave density
function  f:R™ - [0,0).5et ¢ €
[0,1],6 € [0,1]. Then with probability
greater than 1 — §,there exist a
subspace G, ;, c R™of dimension k =
k(e,n, C) such that for every A c G,
and for all y € A, X has a density
function of the form :

fa(X)
1 _dry(x,y)
212
= —kf e F o d(x) ... (15)
5 JA
(ZnL]Zc)z
Such that: P((x,y) € A) —
_dTv(;C,y)
- k), € 1 Pnid ()| <
(omi3)’
Ep wee onn (16)
And here X~N(0,L}), and &, - 0,6, -
0asn — oo.
The principles of concentration of

measure for the log — concave function
appear in the next lemma.
Lemma 35 :Let n>2 and let
g, f:R"™ = [0,0)be continuous log —
concave functions, C? — smoothon
[0,0), such that f(0) > 0,g(0) >
0,[f <oo,[g < oo. Assume that for
any t = 0:
lf (&) —g(®)l

< e~*" min{f(0), g(0)}

Then,

(1 —e™)ta(9) < ta(f)
< (1 +e™)tu(9)

Also, in the sense of LDP we have;
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Lemma 3.6: Let X € R™ be a random
point from an isotropic log — concave
distribution. Then forany R > 1
P(|[X|>R)<eR
One the most important probability
properties of the log — concave
measure appear in the following
theorem
Theorem  (Prekopa (1971,1973),
Rinolt (1976)) 3.7: Suppose P is a
probability measure on B,( (R", B,)
Is a probability space) such that the
affine hull of supp(P) has dimension
d. Then P is log — concave if and only
if there is a log — concave (density)
function f on R™ such that;

P(B) =j f(x)dx forall B
B

€ B,

of Measure and
Probability Density Function of
Convex Bodies

The distribution of a linear functional
on a convex set has a sub —
exponential tail, that is, if K ¢ R™ of
volume 1 and a linear functional
@: R" - R we have

Voln{x €EK:lp(x)| = t||x||L1(1<)}
<e “ (forallt>1)

Where, x|, k) = [, l@(x)]dx and ¢ >

0 is universal and Vol, stands for
Lebesgue measure on R™.

In (Klartag, 2008),clarify this with more
assumption, that is if ¢: R™ - R be a
non — zero, linear functional and non —
negative with [l¢|l,, k) =1, and if x
Is a random variable that is distributed
uniformly in K < R™(convex body),
then ¢(x) has density proportional to
et for some 0<t<n-—1. For
example if £ c R™ is an ellipsoid with
volume 1 and ¢ with assumption as
before, then ¢ has density has density

. . —at?
function proportional to exp( > ) for

some a > 0.(Klartag, 2006) , (Eldan
and Klartag, 2008) was described the
concentration of measure on convex
bodies and a central limit theorem for
convex  bodies.  According to
Dvortzky’s theorem, the geometric
structure of the support of the
suggested  distribution may be
approximated by a regular body like,
Euclidean ball or ellipsoid.

Theorem  (Borell’s inequality)
4.1:Let G(t),te€T be a centered
Gaussian process indexed by the
countable set T, and such that
supser G(t) < oo almost surely. Then
E sup;er G(t) < oo, and for every r >
0 we have,

P{supier G(¢) — E SzuptET G(t) =7}

r

<2e725....(17)

Where, 6% = sup;er E(G%(t)) < 0.

Here,

Where,
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Definition 4.2: A Borell measure u in
R™ is called log — concave, if for any
compact sets A,B c R", and any 0 <
A< 1

u(AA+ (1 - DB) = (uA)(uB)*~*
M+ (1 —-2A)B={Ax+
(1—-ADy:x €A,y € B}.

Definition 4.3: A random vector X is
called log — concave, if its density has
the form :

fx(x) = exp(—u(y)) ...... (18)

uw:R™ - [0,00) is a convex
function.

Corollar y 4.4 : Every random variable
X which satisfies LDP is log — concave
and the rate function I is convex
function.

Theorem (Dvortzk’s Theorem ) 4.5:
Let K be an origin — symmetric convex
body in R™ such that the ellipsoid of
maximum volume contained in K is
the unite Euclidean ball B}. Fix ¢ €
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(0,1). Let E be the random space of
dimension d = cs % logn down from
the GrassmanianG,, 4 according to the
Haar measure, then there exist R > 0
such that with high probability (say
0.99), we have;
(1-¢)B(R)SKNE S (1+¢)B(R)
Theorem4.6: Let ||x||y be a norm on
R™. Let g€ R"™ be the standard
Gaussian vector. Set ;
b(Y) = max,egn-1|x|ly
Then, a random subspace E < R™ of

. . E . .
dimension k = ce? E19satisfies vx €
E.

b(Y)
A -9)llxll; < llglly = @+ &llgll:

Let G be ann X k Gaussian matrix. Set
E=GRK. Then E is uniformly
distributed over the Grassmanian G,, .

Notation: We note that for an isotropic
convex body in R™ we have ||[K]|| =1
with isotropic constant L.

Now we had our main result for the paper.
Corollary 4.7: Let K cR"™ be an
isotropic convex body with log —
concave measure. Let &€ [0,1].
Suppose that S™ 1 c K with |x| <
c(e)||x||, let E be a random subspace
of dimension d = d(g,n) such that
E=G6S"1 and

(1 —¢&)lx| < lIxllkne
<@A+9)x|..... (19)

Then, for every x € (K N E), there is a
distribution density function finp Of
the form ;

fxe(KnE) (x)

1 _dTV(JZC.Y)
= —f e 2Ly ‘Lln’d(dX) ee n
KNE

d
(2nL%)?
For every y € E, such that

Supxean|P(x e N E)) _fKnE(x)l
<€.... (21)

5. Discussion: The notion of convex

bodies assists powerfully in the study
of scattering data in the space R".
Many topics had been discuss the
problem of optimization under more
and more conditions. A convex body
In a space describes the geometric
structure of the random data, in the
sense of probability measure to
guarantee that the same points of data
will be in the same group (Cluster).
Under the concentration of measure
we will do the same.
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