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Abstract: This paper is part of a wider study limit cycle problems and planar system; The 

aims of this is to study the existence of limit cycle for Liénard system. We followed the 

historical analytical mathematical method to present a proof of a result on the existence of 

limit cycle for Liénard system form 𝑥̇ = 𝑦 − 𝐹(𝑥) , 

𝑦̇ = −𝑔(𝑥) 
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Introduction: We are interested in existence and uniqueness of limit cycles for some 

polynomial planar systems. We discussed the existence by applying theorem1in [3]. We 

introduced the Liénard system and gave theorem for existence, uniqueness and amplitude of 

limit cycles. We applied the theorem for existence and uniqueness of limit cycles for some 

applications, and we verified the exactions, uniqueness. 

1. The Existence, Uniqueness of Limit Cycles: 

We consider the Liénard equation  

𝑥̇ = 𝑦 − 𝐹(𝑥) ,          𝑦̇ = −𝑔(𝑥)                            (1)    

The above equation equivalent form:  

𝒙̈ + 𝑓(𝑥)𝑥̇ + 𝑔(𝑥) = 0 

Where 𝑓(𝑥) and 𝑔(𝑥) are continuous functions. This second order differential equation 

includes the famous Van der Pol equation.   

𝒙̈ + 𝜇(𝑥2 − 1)𝑥̇ + 𝑥 = 0                       (2) 

 

Define the functions:  

0

F(x) (s)ds

x

f 
    and  0

G(x) (s)ds

x

g 
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 Theorem1: Assume 𝐹, 𝑔 ∈ 𝐶1(𝑅), 𝐹(𝑥) even, 𝑔(𝑥) odd, and 𝑥𝑔(𝑥) > 0 for 𝑥 ≠ 0  , if  

(i) 𝐹(0) = 0, 𝐹(0) < 0 , 𝐹 has single positive zero at 𝑥 = 𝑎  

(ii) 𝐹 increases for 𝑥 ≥ 𝑎 as 𝑥 → ∞  

(iii) 𝐺(𝑥) = 𝐹(+∞) = +∞.  

Then the system (1) has exactly one limit cycle and it is stable.   

2. Some Applications: 

2.1. The following Liénard System  

𝑥̇ = 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑥2 

𝑦̇ = 𝑥 + 𝑏𝑥𝑦 + 𝑐𝑥2                                              (3) 

By using the Transformation          

𝑧̇ = 𝑎𝑧 + 𝑏(𝑥 + 𝑏𝑥𝑦 + 𝑐𝑥2) + 2𝑐𝑥𝑧 

𝑧̇ = 𝑎𝑧 + 𝑏𝑥 + 𝑏2𝑥𝑦 + 𝑏𝑐𝑥2 + 2𝑐𝑥𝑧                                (4) 

For system (3)  

𝑏𝑦 = 𝑥̇ − 𝑎𝑥 − 𝑐𝑥2 = 𝑧 − 𝑎𝑥 − 𝑐𝑥2 

 𝑦 =
𝑧−𝑎𝑥−𝑐𝑥2

𝑏
                                             (5) 

 Obtained (5) of (4)   

𝑧̇ = 𝑎𝑧 + 𝑏𝑥 + 𝑏2𝑥(
𝑧 − 𝑎𝑥 − 𝑐𝑥2

𝑏
) + 𝑏𝑐𝑥2 + 2𝑐𝑥𝑧 

𝑧̇ = 𝑎𝑧 + 𝑏𝑥 + 𝑏𝑥𝑧 − 𝑎𝑏𝑥2 − 𝑏𝑐𝑥3 + 𝑏𝑐𝑥2 + 2𝑐𝑥𝑧 

𝑧̇ = (𝑎𝑧 + 𝑏𝑥𝑧 + 2𝑐𝑥𝑧) + (𝑏𝑥 + 𝑏𝑐𝑥2 − 𝑎𝑏𝑥2 − 𝑏𝑐𝑥3) 

𝑧̇ = (𝑎 + 𝑏𝑥 + 2𝑐𝑥)𝑧 + [𝑏𝑥 + (𝑏𝑐 − 𝑎𝑏)𝑥2 − 𝑏𝑐𝑥3] 

replacing  𝑧 by 𝑦 we get    

𝑑𝑥

𝑑𝑡
= 𝑦   , 

𝑑𝑦

𝑑𝑡
= [𝑏𝑥 + (𝑏𝑐 − 𝑎𝑏)𝑥2 − 𝑏𝑐𝑥3] + (𝑎 + 𝑏𝑥 + 2𝑐𝑥)𝑦                (6)   

Or equivalently, to the type of   

              
𝑑𝑥

𝑑𝑡
= 𝑦 − 𝐹(𝑥) 

                                                    
𝑑𝑦

𝑑𝑡
= −𝑔(𝑥)                                               (7)   

 

 

𝐹(𝑥) = ∫ 𝑓(𝑥)𝑑𝑥 = ∫ (𝑎 + 𝑏𝑥 + 2𝑐𝑥)𝑑𝑥
𝑥

0

𝑥

0

 

𝐹(𝑥) =  𝑎𝑥 + 1

2
𝑏𝑥2 + 𝑐𝑥2 = 𝑎𝑥 + (1

2
𝑏 + 𝑐)𝑥2  
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𝑑𝑥

𝑑𝑡
= 𝑦 − [𝑎𝑥 + 1

2
(𝑏 + 2𝑐)𝑥2 ] 

𝑑𝑦

𝑑𝑡
= −𝑔(𝑥) = −[𝑏𝑥 + (𝑏𝑐 − 𝑎𝑏)𝑥2 − 𝑏𝑐𝑥3]                          (8)    

Where    𝐹(𝑥) = −[𝑎𝑥 + 1

2
(𝑏 + 2𝑐)𝑥2 ]                            

The differential equation   𝑓(𝑥) = −(𝑎 + (𝑏 + 2𝑐)𝑥 

And   𝑔(𝑥) = [𝑏𝑥 + (𝑏𝑐 − 𝑎𝑏)𝑥2 − 𝑏𝑐𝑥3] 

The integration function  

𝐺(𝑥) = 1 

2
𝑏𝑥2 + 1

3
(𝑏𝑐 − 𝑎𝑏)𝑥3 − 1 

4
𝑏𝑐𝑥4                     (9) 

Now we consider the first three focal values of (9) for system (8) by using the following 

result.  

A quadratic system with a focus   

𝑑𝑥

𝑑𝑡
= 𝑎𝑥 − 𝑏𝑦 + 𝑎20𝑥2 + 𝑎11𝑥𝑦 + 𝑎02𝑦2 

𝑑𝑦

𝑑𝑡
= 𝑏𝑥 + 𝑎𝑦 + 𝑏20𝑥2 + 𝑏11𝑥𝑦 + 𝑏02𝑦2                             (10)      

We get for F(x)      𝑎1 = 𝑎,          𝑎2 = 1

2
(𝑏 + 2𝑐),  

We get for g(x)      𝑏1 = 𝑏 ,   𝑏2 = 𝑏𝑐 − 𝑎𝑏  ,    𝑏3 = −𝑏𝑐 

In traduce the quantities.   

For system:                    
𝑤1 = −𝑎1 = −𝑎  , 

𝑤2 =
1

8
(2𝑎2𝑏2 − 3𝑎3) =

1

8
[2(

1

2
(𝑏 + 2𝑐)(𝑏𝑐 − 𝑎𝑏) − 3(0)] 

𝑤2  =  
1

8
(𝑏 + 2𝑐)(𝑏𝑐 − 𝑎𝑏) 

𝑤3 = 𝑐0(6𝑎2𝑎4 + 20𝑎4𝑏2 − 15𝑎3𝑏3  ) = 0 

𝑤1 < 0  , 𝑤2 ≠ 0 𝑖𝑛 𝑠𝑡𝑎𝑏𝑙𝑒 , 𝑤3 = 0 

2.2. Now we considered the following Liénard system  

                𝑥̇ = −𝑦 + 𝑚𝑥 + 𝑛𝑥2 

𝑦̇ = −𝑥 − 𝑛𝑥2 − 𝑐𝑥3                                   (11) 

By using the Transformation          

                     𝑧̇ = −𝑦̇ + 𝑚𝑥̇ + 2𝑛𝑥𝑥̇ 

𝑧̇ = −𝑦̇ + 𝑚𝑧 + 2𝑛𝑥𝑧                                (12) 

 

For system (11)  

𝑦 = 𝑚𝑥 + 𝑛𝑥2 − 𝑥̇ = 𝑚𝑥 + 𝑛𝑥2 − 𝑧                             (13)                                                                     

 Obtain (13) of (12)  
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𝑧̇ = (𝑚𝑧 + 2𝑛𝑥𝑧) + (𝑥 + 𝑛𝑥2 + 𝑐𝑥3) 

𝑧̇ = (𝑚 + 2𝑛𝑥)𝑧 + (𝑥 + 𝑛𝑥2 + 𝑐𝑥3) 

Replacing z by y we get    

𝑑𝑥

𝑑𝑡
= 𝑦   , 

𝑑𝑦

𝑑𝑡
= (𝑚 + 2𝑛𝑥)𝑦 + (𝑥 + 𝑛𝑥2 + 𝑐𝑥3)                 (14)   

Or equivalently, to the type of   

𝑑𝑥

𝑑𝑡
= 𝑦 − 𝐹(𝑥) 

𝑑𝑦

𝑑𝑡
= −𝑔(𝑥)                                                    (15)   

𝐹(𝑥) = ∫ 𝑓(𝑥)𝑑𝑥 = ∫ (𝑚 + 2𝑛𝑥)𝑑𝑥
𝑥

0

𝑥

0

 

𝐹(𝑥) =  𝑚𝑥 + 𝑛𝑥2 

𝑑𝑥

𝑑𝑡
= 𝑦 − (𝑚𝑥 + 𝑛𝑥2) 

𝑑𝑦

𝑑𝑡
= −𝑔(𝑥) = −(𝑥 + 𝑛𝑥2 + 𝑐𝑥3)                       (16)    

Where    𝐹(𝑥) = −(𝑚𝑥 + 𝑛𝑥2) 

The differential equation   𝑓(𝑥) = −(𝑚 + 2𝑛𝑥) 

And   𝑔(𝑥) = (𝑥 + 𝑛𝑥2 + 𝑐𝑥3) 

The integration function  

𝐺(𝑥) = ∫ (𝑥 + 𝑛𝑥2 + 𝑐𝑥3)𝑑𝑥
𝑥

0

 

𝐺(𝑥) = 1 

2
𝑥2 + 1

3
𝑛𝑥3 + 1 

4
𝑐𝑥4                             (17) 

Now we consider the first three focal values of (17) for system (16) by using the following 

result.  

A quadratic system (10) with a focus   

We get for F(x)      𝑎1 = 𝑚,           𝑎2 = 𝑛 ,  

We get for g(x)      𝑏1 = 1 ,   𝑏2 = 𝑛  ,    𝑏3 = 𝑐 

In traduce the quantities.   

For system:                    
𝑤1 = −𝑎1 = −𝑚  , 

 

𝑤2 =
1

8
(2𝑎2𝑏2 − 3𝑎3) =

1

8
(2𝑛2 − 3(0)) =

1

4
𝑛2 

𝑤3 = 𝑐0(6𝑎2𝑎4 + 20𝑎4𝑏2 − 15𝑎3𝑏3  ) = 0 
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𝑤1 < 0  , 𝑤2 ≠ 0 𝑖𝑛 𝑠𝑡𝑎𝑏𝑙𝑒 , 𝑤3 = 0 
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