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Abstract: This paper is part of a wider study limit cycle problems of a class and planar
system; we study the existence of limit cycle for polynomial planar system. In this paper,
we present a proof of a result on the existence of limit cycle of the Quadratic System:

dx dy
_:P X1 l_: Xl
at ,(X,Y) m Q,(X,y)
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Introduction:
We are interested in existence of limit cycle for some polynomial planar system. We
discuss the existence by applying theoremlin [2]. We introduce the Quadratic system and
give a Theorem1 for existence of limit cycles. We apply Theoremifor existence of limit
cycles for some applications and verify the exactions.
1. The Existence of Limit Cycles:

We consider the quadratic differential system

dx

ax _ dy _
dt —PZ(X,y), dt _Qz(xly)

(1)

Where P, and Q. are general quadratic polynomials.

In this case the system (1) under this transformation becomes

| |
by Y oy ax byt +0)
dt dt 2)

The system (2) has three classes
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La:b =0,c #0,

d—X:k +OX +8Y +1X 2+ mxy+ nyz,d—y:cx
' a=0b=0,c=0,
dx 2 2
a:k +O0X +ey +i1X ° +mxy+ny-,
d—y:x(ax +C).
dt (4)
b #0,
1.
dx

E:k +OX +ey +ix * +mxy+ny?,

d—y:x(ax +by +c).
dt (5)
To change (3- 5) into
dx 2 » dy
— ==Y +0X +IX "+ MmXy+ny°, —=X
Loda ! YT G
dx 2 2
— ==Y +0X +1X "+ Mmxy+ny-,
1. dt
dy

—=X+ax),a=0.
pm ( )

dx.

i +OX +1X 2+ mxy+ny?,
II.

%:X(Hax +by ),b=0.

First studied necessary and sufficient conditions for the quadratic system of the form
X ==y + azox? + ay xy + agyy?,
Y = X + byox? + by1xy + by y? (6)
With (0, 0) as its k th-order fine focus (k=1, 2, 3) and then derived necessary and sufficient

conditions for (0, 0) to be a center.

Theoreml: For system (6) introduces the quantities
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W,=Aa-B g,

W, =[BGA-B)+a6B-a)]y,

W,=(Ag+Ba)yo. )

Where
A = az + apy, B = byg + by,
@ = ay1 + 2by;, B = bi1 + 2ay,
8 =a?y, + b%,0 + agy A+ by B,
¥ = byoA® — (azo — by1 JA*B + (by, — ay1)AB? — ay, B, 8)
Then the following assertions are true:
(@ (0, 0) is a k th — order fine focus (k=1, 2, 3) if and only if the following kth
group of conditions holds:

W, #0;
(9)

(b) The stability of the k th — order fine focus decided by the sign of Wy . it is stable
oer <0 W, >O.

i) iy Wa=O0W, %0, iy Wa=W,=0W, 0

f and unstable for

(c) The origin is a center if and only if W, =W, =W, =0

In order to study the stability of (0, 0), when onIyW1 =0 we have to examine

W, =W, =0

W2,and

when only we have to examine E . Hence if we use the quantities

W, =Aa-Bg,

(5A-p)By,whenA =0,
W, =< (5B-a)ay,whenB =0,
O,whenA =B =0;

A Byd,whenA =0
W =< Bayo,whenB =0

3
O,whenA =B =0 (10)

W, =W

Toreplace "1 2,andW

3.in (7), then the conclusion of theorem (1) remains
unchanged.
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Corollary. System (6) takes the origin as its center if and only if at least one of the following

four groups of conditions holds:
1y A=B =0 (equivalent toh=%"% :O).

2) ¢ =5 =0 (equivalent toh=h =% :0).

Aa-Bf=y=0 (equivalentto’11 =4 =4 :O).

5A—f=5B —a=5=0 (gqivalent to 4 =45 =44 +54 =545 = L —24%~ A%, =0

).
2. Applications

3)

4)

2.1. We considered the following Quadratic system
X = —y + (ax + bx?)
¥ =—(x+bx? + cx3) (11)
For the quadratic system of the form
X ==y + a0x + ayox?® + agy + agy? + agxy
Y = X + byoX + bygx? + b1y + boay? + byox3 + by xy (12)
For system (11): aqp=a , ayo=b, ap1 =-1, ap, =0, a;; =0
bgy = by, =0, byo = -1, byo = —b ,b3y = —c, bi; =0

And apply the system (8):
A=a,0+ap,=b+0=>b ,
B =byy+by,=—b+0=-b,
a =ay;; +2by, =0+2(0) =0,
B = by, +2a,, =0+ 2(b) =2b,
8 =a’y, + b,y +agy A+ byg B =b%+b?=2b?,

¥ = byoA® — (azo — by1y A*B + (by; — a11)AB? — ag, B?
= (=b)(b)> — (D)(—b)(b)* = b* —b* = 0.
In traduce the quantities. For system (7):

w; = b(0) — (=b)(2b) = 2b?
w, = [0(5b) + (0)(—=5b)].0=0

w, =0
wz = (b(0) + (=b)(0)).0=0
wy #0, wy, =w3 =0
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Which is the order fine focus.
2.2. Now we consider the following Quadratic system
x =k +6x + ey + [x* + mxy + ny?
y = x(c + ax + by) (13)
Let k=0,e=-1,c=1
X =—y+ 6x + [x* + mxy + ny?
y = x + ax? + bxy (14)
When = 0, the system (14) becomes
X =—y+ 6x + [x* + mxy
y = x + ax? + bxy (15)
Thecase:a=b =0
X =—y+ 6x + [x* + mxy
y=x (16)
Apply the system (12)
For system (16): aq0=0 , ayo =(, ap1 =—1, ap, =0, a;; =m
bio =1,by1 = byy = by; = by, =0,
And apply the system (8)
A=ay+ap=[+0=,
B =byy+ by, =0 ,
a=ay; + 2by, =m,
B = by + 2a,0 =2/,
8§ =a%y, +b%y+apA+b,yB=0,
¥ = byoA® — (azo — by1 )A?B + (by, — ay1)AB? — ag, B3

y=0.

In traduce the quantities. For system (7):
wi=m—-0=/m

wy = [2)(5(=2) + m(-m)].0 =0

ws = (((2) +0(m)).0=0.

Which is the order fine focus.
When = 0, the system (14) becomes
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X =—y+ 6x + [x* + ny?
y = x + ax? + bxy (17)
Thecase:a=b =0
x =—y+6x + [x* + ny?
y=Xx (18)
Apply the system (12)
For system (18): a,9=90 , ayo=/(, ap1 =—1, ag, =n, a;; =0
bio = 1,b11 = by = boy = bp, =0,
And apply the system (8)
A=az+ap=[+n,
B =byg+ by, =0,
a=ay +2by, =0,
B =by +2a3 =2[,
8§ =a%y, + b0 +agy A+ byyB=n? +n(+n) =2n% +n/,
¥ = byoA3 — (ayo — b11)A%B + (by, — ay; )AB? — ay, B3

y=0.

In traduce the quantities. For system (7):
wy;=(+n ).0—-02)=0
w, = [2/((5(+n)—2)+0].0=0
w, =0
ws = (((+n)2[+0)).0=0
wi=w,=w3 =0

Which is the origin is a center.
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