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ABSTRACT In this paper, we apply analytical method (homotopy perturbation transform method), for
solving nonlinear partial differential equation of extensible beam, we discuss three partial differential
equations generating from model. The first equation is called longitudinal vibrations of a beam , second
equation is called transverse vibrations of a beam and third equation is called extensible beam. The
equation of extensible beam was defined by Woiniwsky- Krieger as a model for transverse deflection of
an extensible beam of natural length whose ends are held a fixed distance apart.
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1. INTRODUCTION perturbation transform method solves nonlinear

Beams are the most common type of structural ~Problems — without using the Adomian’s

component, particularly in Civil and Mechanical ~Polynomials. The extensible beam equation

Engineering. A beam is a bar-like structural denoted by , .
member whose primary function is to support d0°u 0*u — B
transverse loading and carry it to the supports, this at? dx*

equation describes the motion of a beam initially ‘ 2 0%u
located on the x -axis which is vibrating Ty f (uf . t)) ds) Ox2 =0
transversely "perpendicular to the x-direction”, in 0
this case u(x,t) is the transverse displacement or
deflection at any time t of any points x [1].

In this paper we using homotopy perturbation
transform method and representation graphic of
the solutions by using MATLAB program to
solving extensible beam linear or/and nonlinear
partial differential equation dependent for
parameter y, by using. This method is applied in a
direct way without wusing linearization,

., 0<x<lL €))

where the constants a and y are positive, @ = EI/
p, B=EA/pL and y =EA/2pL, where E is
young's modulus, I is the cross sectional of second
moment area, p is density and A is the cross
sectional area.
Equation (1) was proposed by Woiniwsky- Krieger
as a model for transverse deflection of an
extensible beam of natural length whose ends are
held a fixed distance apart [2, 3]. If

transformation, discretization or restrictive . . o
i. a=0&y=0,Eq. (1)is called longitudinal

assumptions. The method gives more realistic o
series solutions that converge very rapidly in vibrations of a beam.

engineering problems. The fact that the homotopy
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ii. =0&y =0, Eq. (1) is called transverse

vibrations of a beam.
iii. y =0, Eq. (1) is linear partial differential

equation.

Consider the initial- boundary value problem at
both ends.

BC u(0,t) =u(L,t) = u,(0,t) =u, (L, t) =0
IC u(x,0)=f(x) & uyx0)=g)

2. HOMOTOPY PERTURBATION METHOD
(HPM)

The homotopy perturbation method (HPM) was
first proposed by He J. Huan in 1999, where the
solution of this method is considered as the sum of
an infinite series which is very rapidly converge to
the accurate solution. Consider a general equation
of type [4].

Lu+ Nu =g(xt) ,x €Q (2)
where L is linear operator, N is nonlinear operator
and g is known analytical function. We define a
convex homotopy H(u, p)

H(u,p):Qx[0,1] » R

by
Hu,p) =1 —-p)Fw) +p(Lu+Nu—-g)=0
(3
We have
Hu,0) =F(u) &
Hu,1)=Lu+Nu-—g 4)
The embedding parameter monotonically

increases from zero to unity as the trivial problem
Flu)=0,
problem Lu = 0, the embedding parameter
p€[0,1] , can be considered as expanding
parameter. The homotopy perturbation method
use homotopy parameter p as an expanding
parameter to obtain.

continuously deforms the original

[ee)

u(x,t) = Z p™u, (x,t)

n=0
If p - 1, then Eq. (3) corresponds to Eq. (2), and
became the approximate solution of the form

(5)

[ee)

u(x, t) = lirq E p™u, (x,t) = E u,(x,t)
p—)
n=0

n=0
=u0+u1+u2+"'

(6)
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2.1 Homotopy Perturbation Transform Method
(HPTM)

In this method, we using Laplace's transform of Eq.
(3) and we suppose F(u) is linear operator subset
form original Eq. (2), we obtain

L(L(w)) + pL((Nu —g)) = L(0)

k
) = z ony P 0)

i
- ps—nﬁ((Nu —8))

Finally, we use Laplace's inverse

1 n-1 ak 0
u(x,t) = L7t _nz S(k+n—1)M
s

k=

atk

1
—p L((Nu —9)

Put ulx, t) = Ypzop " un(x, t)
co n—-1
1 o*u(x,0)
n — -1 — (k+n-1) !
Z piun =L sn Z s otk
n=0 k=0
1 o
—PRL| (N 2 pun — 8
n=0
Example 1: Solve string vibrating beam equation
0%u 0°u 0
at2 p ax?
with initial conditions:
u(x,0) =sin(x) & u(x,0)=0

Using the Homotopy Perturbation Transform

Method (HPTM), we have
1—p) 2 0%u 0%u\ 0
Pt Ge Fae) T
0’u _d%*u
oz~ PPy
Using Laplace's Transform of both sides
0%u
s?u(x,s) — su(x,0) —u.(x,0) = pﬁﬁ(ﬁ
u(x 0) ut(x, 0) 1 [(0%u
u(x,s) = 2 PB\ zL\ 552

Given u(x,0) = sinh(x)
B=1,s0

= sinh L1 ! —L o*u
u(x, t) = sinh(x) +p 2 <W)

u= Z?lo=0 p"u,

& u;(x,0) = 0and let

Put
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n=

+

pu,
ginh(x)

L1 (PP un(x, 1))
pL 1<S_ZL( dx? ))

Compare the coefficients of power of p

p°: Uy = sinh(x)
(1 (@
pli u, = L 1 S—ZL(ﬁ(uo))
. (sinh(x) _ t?
u, =L 1( =3 ) = —smh(x)z
(1 [
p*: u, = L7 5_2L<W (u1))
o (sinh(x)\ | t*
u, =L ( 5 = smh(x)a
1 02
p3! Uz = L_l S_ZL (W (uz))
. (sinh(x) _ té
uz; =L 1( = ) = smh(x)a
(1 (a2
ph Uy =L71 S—zw’:(ﬁ (un—1)>
t2n
u, = sin h(x) 2]
u(x, t) = Z ug(x, t) = z sinh(x) 20!

k=0 k=0
u(x,t) = sinh(x)cosh(t)

sinh(x)*cosh(t)
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Solution

o

t-axis x-axis

Fig. 1: Graphical Representation of Example 2
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Example 2: Solve transverse vibrating beam
equation
0*u

—=0
+aax4

0%u
a2
with initial conditions:
u(x,0) =sin(x) & u.(x,0)=x?
Using the Homotopy Perturbation Transform

Method (HPTM), we have
(1—p) 62u+p(62u N a@“u) _ o
ot? at? ox*
0%u 0*u
9z~ Pox

Using Laplace's Transform of both sides
d*u
s?u(x,s) — su(x, 0) — u,(x,0) = —apL(=—

dx*
u(x,0)  u(x,0) 1 [(0*u
s e | et e

& u.(x,0) = x?and let

u(x,s) =

Given u(x,0) = sin(x)
a=-1,s0
1 [0*u
— o 2 Y Y el
u(x, t) = sin(x) + x“t + pL (sz L (6x4>>

(o] n

Put U=Yn—oD Uy

oo

Z p"uy

n=0

= sin(x) + x%t
1 (0*Qn=op™us(x, 1))
-1 — n=0 n\*»
+pL (52 L ( pp

Compare the coefficients of power of p

)

p°: Uy = sin(x) + x?%t
p': u =L Sizﬁ <;_x44 (%))
u, = L1 (sir;&x)) = sin(x);—zl
p*: u, = L1 SiZL (aa—; (ul))
u, = L1 (sir;ix)) = sin(x)i—i
p3: uz = L1 SLZL (aa—; (ul))
= L1 (sir;gx)) = sin(x)t6—6!
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1 04
ph u,=L7" S—Z»C <W (un—l))
t2n
u, = sin(x) 2!

tZk

u(x, t) = Z u, (x,t) = x%t + z sin(x) m
k=0

k=0
u(x,t) = x%t + sin(x)cosh(t)

x2*1+sin(x)*cos(t)

Solution

N I N L )

@

t-axis x-axis

Fig. 2: Graphical Representation of Example 2

Example 2: Solve extensible beam equation
0%u N d*u
— a — —
ot? i dx* #

+r [ (wes.0) Tt =0
0

with initial conditions:
2

X
u(x,0) = on & u(x,0)=0

Using the Homotopy Perturbation Transform

Method (HPTM) [5], we have
2u 0%u 0*u
ot?

trloztasz— @

1-p) It

L
by [ (o) a2 u] =0
0

0°u B 0*u
atz _L p(a ax4 (ﬁ

GRS

7| (ue60) a5
0

Using Laplace's Transform of both sides

s?u(x,s) — su(x,0) — u.(x,0)

J0*u
= —pLlam—— (8

vy [ (o) an s

0
u(x,0) u.(x,0) 0%u
- pLlag—— (B

u(x,s) = oz

S

+
vy [ (wen) a2
0

Given u(x,0) = 2—2 & u:(x,0) =0,s0

!

L
vy [ (use0) an 2
0

Put U= Y0P Uy
Z p Uy,
n=0
x2
vl
|1 0o p™uy, (x, 1))
_le S_ZL a TlOax4n _(ﬁ

L 2
a Z?Lo=0 pnun (f: t) 62 Z?lo=0 pnun (x' t)
(e o3z

Compare the coefficients of power of p
T2

pl: u; =-L71 i13 aa—4(u)—(ﬂ
1 52 ox+ 0

0

p: Uy

)

L 2
ouy(&,t) 0%u,
)

L1 0% [x?
=L @k agml )~

L
62 2
4y [ 224055 G)
0
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L

w=—£7| ol -+ [ £a0)
1 SZ )4
0
4 2
uw=B+yR)5;
1 04
p*: u, = —L71 5—213(@ (u1))
Uz
1
=—L7M £ a—(u1) - (B

‘ /a
+yj(< tolt, t)> df axz
0

J‘ 5“0(5 t) 0uy (§,1)
0

o0& 6) 0x? )

—L7 <a(0) - (B
o
0

£2d€(0)
+ f 2£(0)dg)(1))
0
u, =0
u(x,t) = 2 U (x, t)
k=0

=ug(x, t) +u(x, t) + uy(x, t)

+ ..
2 4 2

u(x, t)—x—+([>’+V12 51
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x2/2+(beta+Gamma*L4/12)*12/2

Solution

i 0 .
t-axis x-axis

Fig. 3: Graphical Representation of Example 2,
whenf =1&y =2

Comparison the exact solution with approximation solution equivalent to coefficient p
18000

£

Solution at p0
16000 |

Solution at p*
—*— solution at p?

14000 |
—©—— Exact Solution

12000

10000

Solution

8000 [~

6000 [~

4000

2000 [~

o 1 2 3 4 10

Fig. 4: Comparison the exact solution with
approximation solution equivalent to coefficient p
for example 1

3. CONCLUSIONS

In this paper, we discuss the solutions of
extensible beam linear or/and nonlinear partial
differential equation dependent for parameter y,
by wusing homotopy perturbation transform
method and representation graphic of the
solutions by using MATLAB program. The
method is applied in a direct way without using
linearization, transformation, discretization or
restrictive assumptions. The method gives more
realistic series solutions that converge very rapidly
in engineering problems. The fact that the HPTM
solves nonlinear problems without using the
Adomian’s polynomials is a clear advantage of
this technique over the decomposition method, in
this method we only need the initial conditions of
the application and choice the initial conditions are

playing the convergence of the solution.
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