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Abstract: we introduce a systematic study contact Lorentzian Pseudo structures with
Lorentzian Pseudo-metric manifolds and emphasizing analogies and differences with
respect to the Lorentzian case. We investigate Pseudo- sphere and the Pseudo-
hyperbolic space are the only simply connected Sasakian Lorentzian Pseudo-metric
manifolds of constant sectional curvature and we classify contact Lorentzian pseudo-

metric manifolds of constant sectional curvature of three-dimensional.
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1. Introduction

The contact metric structures are a well-known intensively studied research field in
differential geometry. Were defined by Blair [D.E. Blair(2002)], gives a wide thought
and provides detailed informations in this area and introduced some results obtained in
this framework. Contact Lorentzian and contact Pseudo-metric structures (7, g), where
n is a contact 1-form and g are a metric associated with it, are a generalization of
contact metric structure [G. Calvaruso(2011), G. Calvaruso, and D. Perrone(2010), T.
Takahashi(1969), Mohamed H. A. Hamed, Islam F. M. Osman, Mohammed B.A.
Mohammad, Arafat Abdelhameed Abdelrahmann and Asmaa Eltayeb Ali
Elhassan(2021)]. Contact structure with Pseudo-Riemannian metrics were introduced
and studied in [T. Takahashi(1969)], with a focus on the Sasakian case see G. Calvaruso
and D. Perrone in [G. Calvaruso, and D. Perrone(2010)].
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In this paper, we focus on the relevant cases of contact Lorentzian and contact Pseudo-
Riemannian structures are called contact Lorentzian Pseudo-Riemannian manifolds.
We introduce the relationship between contact Lorentzian and contact Pseudo-
Riemannian manifolds. We prove some general results and introduce several explicit

examples for both cases. The rest of the paper is organized as the follows.

In Section 2, we will present the basic notation of the contact Lorentzian manifolds and
contact Pseudo-metric manifolds. We introduce deformations of contact Lorentzian
and Pseudo-metric structures it that in Section 3. In Section 4, we will study and
clarification the contact Lorentzian Pseudo-Riemannian manifolds of contact sectional

curvature, and given some examples.
2. PRELIMINARIES
An almost contact (¢, &,n) on odd-dimensional smooth manifold M, where ¢ is a

(1,1) — tensor field, ¢ is a global vector field and n a global differential 1-form, such
that

nVdn = 0,, and satisfying

n¢) = 0,92 = -1+ Q5PE) =0n = ¢ =0 (2.1)
and Rank(¢) = 2n.

Let now g denote a Riemannian metric and associated of M, then, g is said to be

compatible

with the almost contact structure (¢,n,&)[S. Dragomir, M. Hasan and F. Al-
Solamy(2016)] if

g(@X,¢Y) = gX,Y) — en(X)n(¥), (2.2)

where ¢ = +1, a smooth manifold M, equipped with an almost contact structure
(¢,n,¢) and compatible Pseudo-Riemannian metric g will be called an almost contact

Pseudo metric manifold [G. Calvaruso, and D. Perrone(2010)].

Then from (2.1) and (2.2), we obtain n(X) = €g(¢,X). In particular, if g(§,&) =
€, the characteristic vector field ¢ is either spacelike (if ) e = 1 or time-like (if) e =

—1, but € is never lightlike(null), furthermore from (2.2) implies that

g(@X,Y) = —g(X,¢Y) [G. Calvaruso, and D. Perrone(2010)], but if M equipped
with an almost contact structure (¢, n, ¢) and compatible Lorentzian metric g will be

called an almost contact Lorentzian manifold [G. Calvaruso(2011)]. Since
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g(@X,9Y) = gX,Y) + n(X)n¥) (2.3)

Note that, by (2.1) and (2.3), n(X) = —g(&,X), in particular, g(¢,¢) = —1, then, &
is timelike [G. Calvaruso(2011)].

Let M?™*1 pe an almost contact Lorentzian Pseudo-metric manifolds endowed with

almost

contact structure (¢,&,n) and compatible Lorentzian Pseudo-Riemannian g [D.E.
Blair(2002)].

We consider now M?"*1 x R and, we denote a vector field M?"*1 x R by (X, f %)

Where X is tangent to M?"*1, ¢ the coordinate on R, and f a C* function on M2™+1 x
R.

Define almost complex structure (¢, &, 1) by J (X,f %) =X — ff,n(X)%

if J is integrable the almost contact structure (¢,¢,7n) is called normal [G.
Calvaruso(2011)].

since the vanishing of the Nijenhuis torsion of ] is a necessary and sufficient condition

of integrability,
U.J1((%,0), (v, 0))
=10 +|(#x000 %), (67,000 )|
~1|(ex.0005), v, 0] [x,00, (#7000 2 )]
= (19,81, 00 1) + 2dn (X, Y )8, (ESXM(Y)

d d
~ EPXNOO 7). 11.]] <(X, 0, (0, a)

= [(ox.ne0 %), 6.0 -1 [(9x.0005) 0.
A qe) S A ) a
d d
= [~19x.61, (£ n00) 7|+ (@b VL. YD )
= ((E$9)X, (ESm) (X)),
where [/, /] is tensor field of type (1, 2) and £ is a Lie derivative.

Now we define four tensors respect to ¢ by
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N®D = [¢p,¢] + 2dnE, N® = (L£pxN(Y) — (LY N(X),
N® = (£&P)X, N® = (LX.

Furthermore, the vanishing of N implies the vanishing of N®, NG)

and N® [ S. Sasaki, Y. Hatakeyama(1962)]. Then [¢, ¢] + 2dné = 0 is anecessary

and sufficient condition for the integrability of J.
Lemma 2.1. For an almost contact metric structure hence, g a compatible
Pseudo-metric on M?"*1, Then,

29((VXP)Y,Z) = 3dD(X, Y, pZ) —3dP(X,Y,Z) + gIND(Y,2),pX) +
N®(Y,Z)n(X) + 2dn(¢Y, X)n(Z) — 2dn($pZ, X)n(Y ),

where X,Y and Z are tangent vector fields, @ is a 2-form, then, we can put

PX,Y) = gX,¢Y).

Proof.
Recall that the Koszul formula of a metric g is given by

29((VXP)Y,2) = Xg(Y,Z) + Y g(X,2) —Zg(X,Y) +g([X,Y ], Z2) -
gy, 2], X) + g([Z X],Y ).

Then, from (2.2) we get, g(X,Y ) = @(¢pX,Y) — n(X)n(Y).

By a direct calculation, which completes the proof. If the compatible Lorentzian Pseudo

metric g satisfies

9gX,¢Y) = (dnX,Y), (2.4)

where 1 is a contact on M, ¢ the associated vector field and g is an associated metric,
then

the structure (M, ¢, &, 7, g) is called contact Lorentzian Pseudo-Riemannain manifolds.

Assume that (M?™*1 ) is a contact Lorentzian Pseudo-metric manifolds hence, there

exist the Levi-Civita connection on M denoted by V.
Then from (2.1) and (2.4), we have (dn)(&,X) — g(X,¢$&) = 0and

N* = £n = d ° ign + igdn = dn(§&) + dn(¢,.) = 0. Since N* is vanishing,
then, from
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Len = 0,weget0 = (L)X = Eg(&,X) — g [$X]) = g(Ve, X)
for any vector field X. Thus, V¢€; = 0, then the integral curves of a vector field ¢ are
geodesic. Furthermore, then, from (2.4) we get d® = 0.

Corollary 2.2. [D.E. Blair(2002)] In a contact metric structure the formula of Lemma

2.1 be in the formula

2g(VxP)Y,Z) = gIN'(Y,2),pX) + 2dn(pY,X)n(Z) — 2dn($Z, X)n(Y ). (2.5)

Note that on contact Lorentzian Pseudo-metric manifolds, N = 0 if and only if £ is
a killing vector field [G. Calvaruso(2011)]. Then from (2.4) and fzn = 0, we obtain

(LedmX,Y) = (Leg)(X, Y ) + g(X, (L)Y ) = 0, and then,
£:9 = 0 &> £:¢ = 0.Then we can use the tensor
h = £¢p =N (2.6)

Now, using (2.5) and direct calculation, we can derive properties of the covariant

derivative
Vep = 0, (2.7)
—Vyé = edpX + ¢PhX. (2.8)
Exactly similar to the Riemannian case, from (2.7) and (2.8), we get

h¢ = —h¢ and h¢ = trh = 0. Further, assume that T = &£Lgg, then, T and h
related by

T(X,Y) = 29(X,h¢Y ) = 2g(hdX,Y).

Lemma 2.3. [G. Calvaruso, and D. Perrone(2010)] In a contact Lorentzian Pseudo-

metric manifold (M?"*1,7, 9),
divé = 0,divn = 0.

Proof. Suppose that a local ¢-basis [&,E;, ..., Exn] = [€,eq,.-.,en P€1,...,Pe,] ON

the contact Lorentzian Pseudo-Riemannian manifolds M2"*1, So Veé = 0and h¢p =
_h(p,

from (2.1) and (2.8) we obtain
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div = 07§ = ) g(Ved,e)+ ) g(Vei,be)
i=1 =1

= =) g(dheig,e) = ) g(dhdeit, de)) = 0
i=1 i=1

Furthermore, we get divn = —trVn = —edivé = 0.
Definition 2.4. A contact Lorentzian Pseudo-Riemannian manifolds (M, n, g) is called

Sasakian if it is normal , (that’s it [¢,¢p] + 2dn @ & = 0),and if h = 0 is called
K —contact, (¢ is a Killing vector field).

Corollary 2.5. A Sasakian Lorentzian Pseudo-Riemannian manifold is K —contact,
refer to [G. Calvaruso(2011), G. Calvaruso, and D. Perrone(2010)].

Theorem 2.6. [G. Calvaruso, and D. Perrone(2010)] A contact Lorentzian Pseudo-

Riemannian manifolds M2"+1 is K-contact if satisfies the condition o(§,¢) = 2n.

In a Riemannain case and Pseudo-Riemannian, we note that trh? = 0, implies

e(§,¢) = 2n.

The K —contact Riemannian manifolds characterized by o(&,¢) = 2n, implies that
trh? = 0andso, h = 0 if it was h is diagonalizable [D.E. Blair(1977)].

3. Deformations of Contact Lorentzian And Contact Pseudo-Metric Structures
Suppose that (M2™*1,n, g) be a contact Lorentzian Pseudo-metric manifolds, consider

the deformed structures

7=an §=-E&, ¢=¢, g=ag+ala-Dn®n, (3.1

where a is a real constant a > 0. Characterization other contact Pseudo-metric
structure on M?2™*1 having the contact distribution ker 7 = kerm, which a
deformation is called a D-homothetic deformation, then from (3.1) is the Lorentzian
Pseudo-Riemannain counterpart of D-homothetic deformation of a contact Riemannain
structure [S. Tanno(1968)], where g(&,¢) = ¢, from (3.1), we can note that,

g€, X) = en(X). Now, let ¥ is Levi-Civita connection of g from (3.1) the Lorentzian

Pseudo-Riemannian metric
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1
§=E§=g—(a—1)n®n (2.3)

where gis Riemannian and a positive constanta > 0 [S. Tanno(1968)], the Lorentzian
Pseudo-metrics homothetic to g. So, ¥ = V and R = R by (3.2) and the Koszul

formula, we get
g(VxY,Z) = g(7xY,Z) — (a = Dn(D)X((Y ) = n(Z)g(X,9Y ) —n(X)g(¢Y,Z)
—n(Y)g(¢X,Z),

from (3.2) and (2.8), we have

_ -1 -1
Ty¥ = VY = = n(T1¢ + ——[X(1(1) — gX, V)]
—e(a—-Dn)PY + (¥ )pX] (3.3)
Then, by using n(X) = €eg(X,¢&) and (2.8), therefore, the equation (3.3) becomes

_ 1
DY = VY + e—— g(hX, pY)é — e(a— DICOGY +1(¥)$X]  (3.4)

a
Theorem 3.1. A D-homothetic deformation of a K-contact Lorentzian and Pseudo-
metric structures is also a K —contact
Proof. By using (3.1), h =2 £z¢ = ifqu ==h this,), h=0  ifandonly if
h = 0, since (n,g) is K —contact if and only if (n, g) is K —contact.we can to refer

[G. Calvaruso(2011), G. Calvaruso, and D. Perrone(2010)], for more information of

K —contact of Lorentzian and Pseudo contacts

Proposition 3.2. Let (M, ¢, &,7, g) be a contact Lorentzian Pseudo-metric manifolds

and (¢, &, 7, g) the D-homothetic deformation as in the equation (3.1). then,

?X = ai [#x + (a? — 1)$2X — 2e(a — 1)hX], (3.5)

_ -1
RXY)Z = RUYIZ——=[1RI,Y)D) + g(X, (T $)2) — gV, D)

e L[(X,$2)(cad + GhY ) - g(¥,$Z)(cagX + $hx)]

—e(a—1n[X,Y]|¢pZ

+ = [ TDBhY - (7 Z)ph] (36)

where VX,Y,Z € kern = ker7.
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Proof. By using (3.4) to calculate ng_z and £ := R(.,§)¢ = —¢p(Veh) + ¢* +
h? to express V;h, in terms of £. Hence (3.5) follows from (3.3) by calculation, then,

from (3.1) weget g(X,Y ) = ag(X,Y), VX,Y € kern

Definition 3.3. Let (M, ¢, &,n, g) be a contact Lorentzian Pseudo-metric manifolds.
We can put

RIX,EX,E  glX,X) _R(X, $X, X, pX)
X  eglrxy L LN =T %y

k(& X) =

where X € kern, k(& X) and k(X, ¢X) are called the & —sectional curvature
and the ¢ —sectional curvature respectively, its determined by X.
4. Contact Lorentzian Pseudo-Metric Manifolds of Contact Sectional Curvature

The main aim of this section is to study the contact Lorentzian and contact Pseudo
metric manifolds, and to prove the following fundamental results, for more details refer
[T. Takahashi(1969), Z. Olszak(1979)].

Theorem 4.1. Let (M?™*1, 7, g) be a contact Lorentzian Pseudo-metric manifold, such
that n > 1. If (M?"*1, g) is of constant sectional curvature K, then (M?"*1,n, g) is

Sasakian.

Theorem 4.2. Let (M?™*1,n, g) be a contact Lorentzian Pseudo-metric manifolds,
then,

(VxP)Y + (Vpx@)pY = 29X,V )¢ — n(¥ ) {eX + en(X)$ + hX}. (41)
Proof. If X,Y € ker 7, using (2.5) we get
29 ((7x¢7),2)

= —g(7,21,¢X) + g([¢7, 921, $X) — g([¢7, 2], X)
— g([?, qbZ],X') + 2€g()?, 17)77(2),

and, by similar a way,
29 ((74297).2)

= —g([(b?,Z], ¢2X) + g([(bZV' ¢Z]' ¢2)?) - g([(ﬁz?,Z], ¢X)
—9([¢7, ¢Z], pX) + 2e9(¢X, 7 )0 (D).

From the two previous equations, if Z is arbitrary, we obtain
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(Ve p)Y) + (Vpz V) = 2g(X, V)¢ (4.2)

for any vector fields X,Y € kern. If X,Y are arbitrary tangent vector fields,

then, X = X + n(X)é and Y =Y + n(¥Y )¢, then, we find,
(Vxp)Y = (Vx)¥) + n(¥) {—eX + en(X)§ — hX},
which implies (Vypx$)pY = (Vpzp )pY.

Then from the last two equations and using (4.2), we get (4.1) which complete the

proof.

Example 4.3. [G. Calvaruso(2011)] Let (R** ™' = Cy"*',g,]) be a Pseudo-
Euclidean space with an indefinite Ka'hler structure, we suppose the Pseudo-
hyperbolic space

Haoy" (=D =[ {x e Ry : g x) = —1],

which represents a hyperquadric of Ryy;*™*"

of odd dimensional-(2n + 1), index 1
and constant sectional curvature —1. There exists a canonical structure (¢, &,17, g) of

Sasaian Lorentzian Pseudo manifold, given by the following tensors formula:

g =glHps """ (=1), §:x € Hps ™ (-1 —Jx, 7(X) =

—g@X), ¢=m ], where FX)=X+gX,x)x and  Hy*™™ s
diffeomorphic to S x R?" and as well is not connected. Note that, in [Z.
Olszak(1979)] obtained a result in Riemannain frame, proving that in any dimensional
> 5, if (M?"*1,n,g) is a contact Riemannain manifold has constant sectional
curvature K, then K = 1 and (M?"*1,n,g) is Sasakian. The previous result was
extended to Pseudo-Riemannian frame in [G. Calvaruso, and D. Perrone(2010)], also

was extended in the Lorentzian frame in [G. Calvaruso(2011)].

Corollary 4.4. For any n > 2, the Pseudo- sphere S{Zs}znﬂ(l) and the Pseudo-
hyperbolic space H{ZS_l}Z”“(—l) are the only simply connected Sasakian Lorentzian

Pseudo-metric manifolds of constant sectional curvature.

Now we present the classification of three-dimensional contact Lorentzian Pseudo-
Riemannian manifolds of constant sectional curvature. In this case, we will study the
three-dimensional homogeneous contact Lorentzian manifolds of constant sectional

curvature, we can clarify that by the following example.
Example 4.5. On R3(X, Y, Z), we consider the Lorentzian metric defined by
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1 1/1 0 0
gzdez—dY@) dz, (gij)=1<8 02 —02> (4.3)

The 1 —form n = %(eXdY + e Xd2).

Now, we get
1/ 0 eX¥ —e7X
dn = 7 —eX 0 0 , (4.4)
e X 0 0

such that nA(dn) # 0. Thus, n is a contact form, the vector field ¢, satisfies the

following conditions:
n(é) = 1and (dn)(,.) = 0,and & givenby & = e X9y + e*0Z.

Then, from (5.4) implies that g(¢,&) = —1, the contact distribution is spanned by
vector fields E; = e X9y — e*0Z, E, = 20X and [¢,Ey E,] is a Pseudo-

orthonormal basis

for g. if there exist tensor field ¢, of type (1, 1) with respect to the basis {0X,dY ,dZ},
defined by

0 eX —e¥X
X

d={ez 0 0 | (4.5)
ez 0 0

Now, from above equations, we get dn = g(.,¢) and [¢, Ey, E,] is a ¢ —basis and
E, = ¢E,. Therefore, (n,¢,&,g) is a contact Lorentzian structure on R3. since

[¢,Eq, E,] is a Pseudo-orthonormal basis given by

{5;51} = 0, {5'52}: 2E, {E\, E;} = —24. (4.6)

If 7 is Levi-Civita connection of (M, g), we obtain Vg & = —2E;, Ve, E1 =
2¢&. The curvature tensor satisfies R(Ey, E;) = R(E,, &) = R(,E;), then, (n,g)isa
flat contact Lorentzian structure on R3, since the vector field & is not Killing vector

field, as Vg,§ = —2E,, from (4.6) we get hE; = E;and hE, = —E,.

Theorem 4.6. [G. Calvaruso, and D. Perrone(2010)] Let (M, n, g) a three-dimensional
locally symmetric contact Lorentzian Pseudo-metric manifolds is either flat or of

constant sectional curvature K.
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Corollary 4.7. The Pseudo-Euclidean space R3 and the universal covering of the
pseudo-hyperbolic space H,3 (—1) are the only three-dimensional connected

symmetric contact Lorentzian manifold.

Lemma 4.8. If a contact Lorentzian pseudo-metric manifold is locally symmetric, then,

V:h = 0.Note that, if (M, n, g) is locally symmetric, then
R(X,$)§ = =X + n(X)§ + hX, (4.7)

where X is tangent vector.
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