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ABSTRACT.

The aim of this paper is to investigate the mathematics of spinor
bundles, and their classification. We devote the methods of principal
fiber bundles allows through a coherent treatment of Pseudo-
Riemannian manifolds and spinor structures with Clifford algebras
which couple to Dirac operator to study important applications in co
homology theory.

Introduction :

The interplay between physics and mathematics has spurred each of
the disciplines to great heights. It has led to numerous discoveries, not
the least of which is the Dirac operator and the related concept of the
spinor. The first groundwork for these concepts was laid down by
Clifford in the middle of thel9th century as a generalization of the
quaternions of Hamilton and the exterior algebra! of Grassmann. In
1913 “Elie Cartan wrote down the general theory of spinors. Spinors
were first applied to mathematical physics by Wolfgang Pauli in
19271 when he introduced his spin matrices. On the
physics, Dirac introduced his famed operator in 1928™?hut made no
mention of the connection with spinors, this was only done much lat-
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er. during the years 1940-1970, The subject of spinors and Clifford
algebra of bundle became such a fundamental tool of particle physics
and came back, later, at the forefront of differential geometry and of
mathematics in general, with the recognition of the importance of the
Dirac operator and theory of spinors in differential geometry.

All of this now belongs to the standard toolbox of the mathemati-
cians. Spinors may not have yet revealed all their mysteries and they
will certainly show up again, one of these days, maybe in a new guise,
in Physics and in Mathematics.

This paper will introduce the basic concepts of Clifford algebras,
proves a basis for their classification and studied the pin and spin
groups as subgroups of the Clifford

algebras. The principle of fiber bundles are introduced, two operations
which we are

interested in, the structure group and constructing spinor fiber bundle
(spinor bundle).

Connections on fiber bundles and their relation with covariant deriva-
tion is discussed. In the final section, spin structures are introduced as
non-trivial coverings of SO-bundles, followed by a proof of necessary
and sufficient condition for their existence in terms of the fundamental
group of the SO-bundle and Dirac operator.

Clifford algebras

Definition 1:

An associative F-algebra is a triple (A; u; n), where A is a vector
space over the field F, u: A @A —A and n:F — A are linear maps
satisfying the conditions!

1) (Associativity) (u®ida) = (idasw),

i) (Unitality) (n ®ida) = ida = (ida®n).

An algebra A = (A; u; n) is said to be commutative if ab =ba, Vv a, b
€A,

A Clifford algebra is a type of associative algebra, which can be con-
sidered a generalization of the usual associative fields such as R, C or
H. In fact, these fields can be seen as particular examples of Clifford
algebrast™l. It is defined over a vector space V over a field k equipped
with a quadratic form g defined as follows:

Definition 2:

A quadratic form q is an operator from a vector space V to its fields k
such that if a €k and u, v €V then g(av) = a?q(v) and 2q(u, v) = q(u+
v) —q(u) —q(v) is a symmetric
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bilinear form on V . A non-degenerate quadratic form is a quadratic
form with the extra condition that q(v) = 0 & v = 0!,

A Clifford algebra is a generalization of the exterior or Grassmann al-
gebra. Precisely:

Definition 3:

Let V be a vector field over a field k, and take the tensor algebra T(V)
=XZ2,PV=k®VAVRV®. . . and let q be a quadratic form!™!

A Clifford algebra C¢(V, g) on V is then C¢(V, q) = T(V)/I(V, g) with

I(V, q) the two-sided ideal generated by v®v + q(v)1?. This is an

associative algebra with unit. The exterior algebra can be identified

with the Clifford algebra with quadratic form 0. In defining the

Clifford algebra and deriving its basic properties, we follow, but we

could have equivalently started with the universal property proven be-

low and worked our way back from there.

We can define a natural embedding i from V to C£(V, q) by composing

with the natural embedding of V in the tensor algebra: i’V — T(V) —

Cce(V, q),( see[1]).

Lemma 4:

The embedding iq|V: V — C{(V, q) is injective.

Clifford algebras have also a universal property, which could also be

used to define them.

Lemma 5:

Every vector space with a quadratic form has a g-orthogonal basis {e,
e}, that is, q(e;, ) = 0 if i #j M.

Definition 6:

Let k be a field. It Is called a spin field if for all a € k either the
equation x> = a or x’= -a has a solution™. So we can look at composi-
tion of C¢(V, q) into eigenspaces of
this operator, CE(V, q) = COV, q)®CLM(V, q) , where CE(V, q) is the
even part and CCH(V, q) the odd part and we have C£\(V, q). CA(V, q)
C CLM(V, ) with i+j taken mod 2. This is called a Z,-graded algebra.
Definition 7:(Pin and Spin groups)

The group Pin is the following subgroup of the Clifford group:

Pin(V, q) {ve P(V q) [q(v) = £1},i,e; we define P(V,q)c P(V Q),

(where P(V, q) calls Lipschitz group which is“largest” spinor group)

to be the subgroup of C£(V, q) generated by the elements v €V with
q(v) # 0. and that there is a representation
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PV .q)——-0( a)
The grouP Spin is the even subgroup of Pin: Spin(V, q) = Pin(V, q) N
CEV, )2,
Theorem 8:
Let k be a spin field. Then Pin(V, q) is the kernel of N: ﬁ(v, q) — k7,

(where k™ is nonzero multiples of 1) and the twisted adjoint lﬂﬁ|pin(\,, q)

Is a surjection of Pin(V, q) onto O(V, g). We have the exact sequence,
see[1].

1>y, (k)—>Pin(V, q)—2>0(V, q) >1
with p(K) the 4™ roots of 1 in the field. For example, pu(R) = {-1, 1}=
Zs.
And pay(C) = {-1, 1, -i, i} = Z, 100,
We can also consider the covering group of SO(V, q) = {x € O(V, q)|
det(x) =1}. Then we have
Corollary 9:
The group Spin(V, q) is a cover of SO(V, q), and we have the exact se-
quence:

1y, (k) —>Spin(V, q)—22>S0(V, q) >1
with pa(K) as in theorem 3 19,
Proof: Let xe Pin(V, q). Then }ﬁx is equal to the composition of a
number of reflections due to theorem 8. We have that for all ve V ,

det(Ad, ) = —1. To see this, take a g-orthogonal basis with v;=v and
q(v, v;) = 0 for all j >1. Then Ad,(v;) =—v by definition and Hdv(vj) =
vj with j >1 by definition, so det(4d, ) =—1. So any element of SO(V,
q) is generated by an even number of reflection, and so Spin(V, q)
must be generated by an even number of vectors, so by the properties
of the Z, grading we get that it is also an element of C£°(V, q). The ex-
act sequence follows immediately from theorem 8,

Proposition 10:

For any x in Spin(n), there exists an even integer p and elements fy,...,
f, of norm 1 such that x = f,... f,. The reverse statement also holds™.,
Theorem 11:

For any n >2, Spin(n) is connected. For n>3, Spin(n) is simply con-
nected, hence Spin(n) is the universal covering Lie group of SO(n).
Proof. We have a short exact sequence of Lie groups

1y, (k) —>Spin(V, q)—29>S0(V, q) >1
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Since 7,SO(n) =Z, for any n > 3, any connected double covering of
SO(n) is simply connected for n>3. Hence it suffices to show that
Spin(n) is connected for any n> 2 19,

Firstly, let us show that 1 and -1 are path-connected in Spin(n). Since
the dimension is at least 2, there are elements e;and e, in V such that
lles]l= lezll= 1 and (16, )=0. . For 0 <t <z, we define y(t) =
cost + e,e,sint = e((-e;cost + eysint). It is trivial that the norm (-e;cost
+ e,sint) is 1. By Propositionl0, y(t) is an element of Spin(n) for any t.
We have y(0) = 1 and y(n) = -1.

Secondly, note that any element y of Spin(n) can be connected with -y
by the path yy(t).

Lastly, let x and y be in Spin(n). Since SO(n) is connected, there exists
a path from p(x) to p(y) in SO(n). We may lift this path to a path start-
ing in x and ending in a point y' of Spin(n). Since the kernel of p
equals {1}, it holds that y'=y or y'= -y. In the first case we are done.
In the second case, we connect x with -y and then connect -y with y 2.

We now can construct any real Clifford algebra we are interested
in. For
example, the physically interesting Clifford algebras C¢;; and
Cts,are  now constructed as Clp3 = C6p,QCt1,—HRQR(2)
~H(2) and Cls; = Cl;®Ct1,1 = RQR)QR(2) = R(4) M,
Theorem 12:
There are isomorphisms

Clno@Cly o~ Cly ez

Clon®Cly 0~ Clhiap

ClsQ®Cly 1= Clrry s
orall n,r,s> 0,
Note that here we are using the ungraded tensor productt™.
Remark13: It is standard notation to write: q,s = g, O;s= O(V, q) and
SO, = SO(V,q). In accordance we write Pin, s =Pin(V, q) and Spin, s =
Spin(V, q). Similarly, it is conventional to write O, =0, = Og, and

SO, = SO0, =SOy,, Thus, we set Pin, =pin, o, and Spin, =Spin ;.
We also write P, =P(V, q) and F,.. = ﬁ(V, Q)[Z]-

Definition 14:
A sections of Clifford C£(V, q) are called Clifford field ..
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Spinors

We will be constructing spinor m- dimension representations on
complex vector, the complex Clifford algebras will turn out to have a
much simpler structure than the real ones, with a periodicity of degree
2 rather than degree 8 as in the real case™. Now if m is even, m = 2n
we have Weyl representation which restricts to C£°(V, g) and
decomposes into the direct sum of two complex in equivalent, half-
spinor (o, and o). If m is odd, m = 2n — 1, then the algebra C*(V, q)
is central simple ;it has a faithful and irreducible Pauli representation
in a complex vector space Sy. extends to two complex in equivalent
representations o and o.a of the full algebra C¢ (V, q) such that o(z) =

t(q)ids,, where 1(q)€ {1,4/~1} so that #°= «q)* The Cartan repre-

sentation c@o.a of C£(V, q) in the 2"-dimensional vector space S=

SoPS, is faithful. The Dirac operator on odd-dimensional, non-

orientable pin manifolds, is relates to name of Pauli are associated by

physicists with spinors in dimensions 4 and 3, respectively. !*),

Proposition 15:

Consider the sequence of homomorphisms of algebras
Cl,—">C/l, ,—m15Cr° ,—2>EndS

If m is even (resp., odd) and @ is a Weyl (resp., Pauli) representation,

then 6ei,., is a Pauli (resp., Dirac) representation and 6eiy.°inj is a

Dirac (resp., Cartan) representation™.

Definition 16:

Any representation of C£(V, q) or C£(V, q) equivalent to one of the

representations described in proposition 15 is called a spinor represen-

tation of that algebra!*®.

Definition 17:

The complex Clifford algebra C¢<(V, q) is the Clifford algebra con-

structed by starting with the complexified vector space VQrC, ex-

tending g to this by complex-linearity, then using the same definition

as in the real case. If we start with a real vector space V of dimension

n, this will be denoted by C¢<(n).

One can easily see that C£¢(n) = C£(n)QCt. The construction of the

spin representation as invertible elements in C¢(n) can also be com-

plexified, producing a construction of Spin(n, C) (the complexification

of Spin(n)) is an invertible elements in C£<(n).

We will study the structure of the algebras C¢¢(n) by an inductive ar-

gument.

To begin the induction, recall that
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Cl(l) = C, CL(2) = H

SO

CeC (1) = C(1)QrC = CHC
and
CtC(2) = C{(2)QrC = HHRC = M(2, C)
Theorem 18:

CtC(n+2) = CLE(N)QcClC(2) = CLC(n)QcM(2, C).
Using the cases n = 1, 2 to start the induction, one finds
Corollary 19:
If n =2k, Cc(2k) = M(2, O - - - QM(2, €) = M(2", C) where the
product has k
factors, and if n = 2k +1, Cf¢(2k +1) = CLLL)@M(2¥, €) = M(2X,
C)dM(2", €)M,
Proof: Choose generators hy, h, of C£(2), f,,...,f, of Cé(n) and ey, - -
- ensp Of C€(N +2). Then the isomorphism of the theorem is given by
the following map of generators

ei— 1Q hy

e;— 1® h,

e3— ifi® hih,

€n+2— ifn®hsh;
One can check that this map preserves the Clifford algebra relations
and is surjective, thus an isomorphism of algebras.
From now we’ll concentrate on the even case n = 2k. In this case we
have seen that the complexified Clifford algebra is the algebra of 2* by
2" complex matrices. A spinor space S will be a vector space that these
matrices act on.

Definition 20:

A spinor module S for the Clifford algebra C¢<(2k) is given by a
choice of a 2“dimensional complex vector space S, together with an
identification C£c(2k) =End(S),by anther words C£(K)@rC) =End(S")
of the Clifford algebra with the
algebra of linear endomorphisms of S.

So a spinor space is a complex dimensional vector space S, together
with a choice of how the 2k generators e; of the Clifford algebra act as
linear operators on S, to

actually construct such an S, together with appropriate operators on it,
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we will use
exterior algebra techniques.
Definition 21:

Let P, X, F be manifolds. A map =:P— X is called a fiber bundle
with fiber F when there is an open covering U, of X such that for eve-
ry U, we have that there is a diffeomorphism from ¢, n (U,) —
U,xF, such that zg,= Idg, . This ¢, is called a local trivialization of
P, and is called projection™.

A principal fiber bundle is defined such that the fibers are not only
manifolds, but also groups, and elements of the group act in a nice
way on the fiber bundle.

Take G a Lie group, and P, X manifolds. A G-principal fiber bundle
is a fiber bundle = :P — X, where G acts freely on the right of P , and
the orbits of G are precisely the fibers, so there isan open covering
U, of X such that Va:ﬂ_l(Ua) is diffeomorphic to U,x G.

Let ¢ be a homomorphism of groups, that is, a group-structure pre-
serving map, from G' to GI"). A homomorphism of principal fiber
bundles f between a G'-principal

fiber bundle P' over M' and a G-principal fiber bundle P over M is a
map such that

f. P —P is smooth and f(pg) = f(p)e(g) forall p € P'and g € G".
Obviously, there is then an induced mapping f such that the follow-

ing diagram commutes:

P X P

74 Iz

M —— M
Two principal fiber bundles P and P' are said to be equivalent if there
is @ homomorphism H:P — P’ such that H(pg) = H(p)g for all ge G
and pe P.
An important construction in the theory of fiber bundles is the associ-
ated bundle. Take a principal fiber bundle P over a manifold X
.Consider a manifold F with all smooth diffeomorphisms Diffeo(F)
with the compact-open topology, that is, take as basis for the topology
finite intersections of B(K,U), the sets of functions that map a com-
pact set K into an open set U . Now take a continuous Homomorphism
p.G —Diffeo(F), and we can construct a fiber bundle over X as fol-
lows:
Define an equivalence relation by the free left action of G on the

product PxF given by gg (p, f) = (pg ™, p(9)f .

383



Omdurman Islamic University Journal, 2015; 11(1): 376-401

Definition 22:
Define P x,F to be the quotient space of this equivalence relation.
Clearly, the

projection PxF — P 5 X descends to a mapping z,:Px,F — X .
Px,F is called the
bundle associated to P by p.

A special case of a bundle associated to a fiber bundle is a vector
bundle E associated to a principal SO(r, s)-bundle. The group SO(r,
s) then acts on the fibers of the
vector bundle as an orthonormal, orientation preserving change of
basis, and is called the orthonormal frame bundle of E, or F(E)!".
Clifford and spinor bundles over Spinor structure on manifolds
Recall that Spin ) is a 2-sheeted covering of SO(r, s), so it is natu-
ral to look at when there exists a 2-sheeted covering of a principal
SO(r, s) bundle (orthonormal bundle) such that it is a principal
Spins bundle. This is called a spin structure!3', the theory of
spinor structures for Pseudo-Riemannian manifolds can be subsumed
into the general discussion that we give here. We will see also that the
correspondence
between covariant derivatives and connections on an orthonormal
bundle fits into
this theory.

Definition 23:

A spin structure on a Pseudo-Riemannian vector bundle with signa-
ture(r, s) E is a principal Spin(r, s) bundle Pgpn(E) together with a
2- sheeted covering & :Psyin(E) — Pso(E) such that &(pg) = &(p)<o(9)
for all p€ Pspin and g€ Spin(r, s) and &, the
covering map Spin(r, s) — SO(r, s)?*°!.

Two spin structures Pgyin(E) and  P'syin(E) are called equivalent if
there is a mapping F such that F(gh) = F(g)h for g€Psgin, and he Spin
and the following diagram commutes:
Pop (B)—">P' g (E)
. ¢
Poo(B)
10
This means that if they are equivalent as spin structures, they are
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equivalent as principal fiber bundlest*?.

From now on, we will only consider r, s such that z_(SO(r, s)) = Z, .

This makes many proofs much simpler, since it makes Spin s simply
connected. Also, this

situation is the one where most examples interesting to physists are,
when » >3 and

s =0 or 1, or vice-versa. The definition of the spin structure gives the
following

commutative diagram

Py (B)—55>P' o (E)

b fu4

Since restriction to fibers gives the covering map & , this diagram
can be
extended™?:
Spin(r.s)—22550(r.5)
{ {

7> Pom < —£ 5P, (E)
With the vertical lines the inclusions of fibers in the fiber bundle.
Now we can
consider whether given a 2-sheeted covering ¢:C,(E) — Pso(E) of
Pso(E) gives a spin structure. It certainly gives a fiber bundle over E,
since we can set 7'= 7.¢.

Now we see that this bundle gives a spin structure if the covering is
non-trivial on the fibers. Hence we have;

Theorem 24:
If T,(SO(r, s)) = Z, then the spin structures are in one-to-one corre-

spondence with
2-sheeted coverings of Pso(E) which are non-trivial on the fibers™?.,

Now consider a spin structure &:Pgyin — Pso .Define ag€ m, (SO (r,s))
the non-trivial element. The spin structure ¢ induces a group homo-
morphism &, (P) — m,(Q). This subgroup of m,(Q) is a subgroup
of index 2, because of covering morphisom and Pgy, is a double cov-
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ering of Py fiberwise.
Lemma 25:
o & &(705 (Pspin))-
Proof: Suppose ag€ &«(7T1(Pspin ). Then the inclusion map i:SO —
Pso lifts to a continuous map
1:80 — Pgin such that

I_»Pyy
w |
Commutes. | (SO)c P, is contained in one fiber Spin of Pgn , SO
1:SO(r, s) — Spings) with & o 7 = 1dSO(r, s) = IdZ, . Then &o«lx =
Id7, (SO(r, s)) and 1,(SO(r, s)) =Z, and 74 (Spin(r, s)) =1 so we get
a contradiction, so ag& &(7T4 (Pspin N

This lemma is then used to prove a classification theorem of spin
structures, following and using the classification of covering spaces.
Theorem?26:

A SO(r, s)-principal fiber bundle Pso over a manifold M has a spin
structure if and only if there is a short split exact sequence.

0—Z,— > (Py)—=>m(M)—0

meaning that 7,(Pso ) is isomorphic to KxZ, and z-, the map in-
duced by projection map, maps K isomorphically to 7,(M ).

To prove this theorem, we need a few lemmas. First we prove the ne-
cessity of the conditions, we assume Pgg has a spin structure Pgpp, .
Lemma 27:

The map 7 «1r,(Pspin) — m,(M) is an isomorphism

Proof. First we prove subjectivity. Take an element [g] € 7 (M)
represented by a loop g :[0, 1] — M based at mge M. We can then
look at a path g :[0, 1] —Pspn such that z7a(t) = g(t). This path ex-

ists, because Py, is a fiber bundle over M. This path does not have
to be a loop. However, 7(g(0)) = 7(g(1)) = mo and the fibers

of Pspin are path-connected, so we can find a path ¢ in Spin such that
d(0) = 1 and (1) (1) = g(0). The product path ég is now a loop and

m(dg) = g. This proves
subjectivity.
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As for infectivity, consider a loop h: [0, 1] — Pspin , and assume
#(71)(t)= h(t) is hemitropic to trivial loop, say at the point xo = h(0).
There is then a homogony from the loop h to the point x,. This ho-
mogony can be covered by a homogony of /; into a new loop lying
in the fiber 7 *(xo), or its generalization to fiber bundles over par

compact spaces)™?.. Since Spin is simply connected, there isthen a
homogony to a single point in this fiber, hence J is hemitropic to

the trivial loop, so z. is

injective.

Lemma 28:

The map #~m(Pso ) — w1 (M) restricted to the image of
Ex(m1(Pspin)) Is an isomorphism.

Proof: Call the image of £.K. We have the following commutative
diagram:

T (ﬂsm) + TIL,(mP s0)
1 (M)

The map & is injective, according to the covering space morphism is
injective. We

also know that z' is an isomorphism, so z«K is injective. Furthermore
7Z'*|k°§* =7'1s

an isomorphism, so 7|k must be surjective, hence an isomorphism™.o
Lemma 29:

The map i-:m,(SO) =Z, — 1m,(Pso) is injective, so it is an isomor-
phism onto its image.

Proof: Suppose [g]€ ,(SO) and i+[g] = [a]€ 111 (Pso). If [a] is trivi-
al, then we can lift a to apath & in Pgy,.The loop a lies within a
single fiber, so the loop & also does. Because Spin is simply connect-
ed, there is a homotopy between & and the trivial loop within the fiber.
Applying the covering map to of Pso, SO, so [g] is trivial and i« is in-
jective.o

Lemma 30:

The sequence of lemma27 is exact, in particular: ker(z+) =
img(i~)™?.

Proof : Take a [g] € m,(SO). Then i.[g] has a representant lying with-
in a single fiber. Then z..[g] = [e], hence im(i.) < ker(x.). Take a
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loop a & Pso. We will construct a loop & < i(Pspin) such that a = &g
with g a loop in SO. First let o' = m.a be a loop in M. Then using 3, we
lift this loop one in Pgpin, by lifting and multiplying with a path 6 with
3(0) =1 and o'(1)3(1) = a((0). Now define &= &(a'0). We can now con-
clude that

[@] = &.m'7 m. ([@]) and that m(a) = n(&). Thus we have that a =
¢eg for some loop
g € SO, hence [«] = [&g] = [é&]ig] , so if [a] € ker(n.) we have that
because 7« is an isomorphism on the image of &., that [a] = [&]i-[g] =
[e]is[g], so ker(m«) S im(i*)[l]. m

If the fundamental group of SO(r, s) is not Z, this result can be
generalized, but the double covering space of SO(r, s) will not be
a universal covering space.

Instead, one must look at either the universal covering space of
SO(r, s) which is then not equal to Sping, 5, or one must look at
not simply connected Sping, ™",

The condition of lemma27 for the existence of a spin structure can
be shown to be equivalent with the usual condition that the second
Stiefel-Whitney class w, of M vanishes®"*". For the special case
of SOy(1,3)-principal fiber bundles over a noncompact 4-manifold
M, the case in general relativity, it has been shown that any exist-
ing spin structures are trivial, M=Spin(1, 3) and so it has a spin
structure, if and only if the SOy(1,3)- bundle is parallelizable, mean-
ing that there is

a global section of the SOy(1, 3) bundle™.

Definition 31:

We called global sections of Psq 5(M) Lorentz frames and global
sections of Pspin 1, 3(M) spin frames®.

Remark 32. When we will use the concept of spin structure in phys-
ics, the space-time is described as a four-dimensional manifold en-
dowed with a metric of signature (3, 1) or (1, 3), we will naturally use
SL(2, C) as group instead of Spin(p, q) .
The isomorphism SL(2, C )= Spin(1, 3)!. Here the fundamental in-
teractions of
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spinors, Dirac spinors and Wely spinors (half-spinors) are used to de-
scribe the most fundamental particles. Majorana spinors and bi-
quaternions, although mathematically available in same dimension.

Clifford algebras and spinor bundles
There are two equivalent ways of defining a Clifford bundle of a
Pseudo-Riemannian vector bundle E over a manifold X. One is the

obvious generalization of C£(R"):
C/(E)= (JCUE,.q,) xeX

xeX

With q a smooth quadratic form on E and g, the restriction of that
form to the fiber over x. This definition emphasizes that the Clifford
bundle is a bundle of Clifford

algebra’s over X. The other definition uses associated bundles, and can
be used to

determine the topology, as follows: An orthogonal transformation

with respect to an inner product of signature (r,s) in R induces an

orthogonal transformation in C¢; <, since it preserves the ideal. This
induced map preserves the multiplication in C¢; ¢, so if we take an or-
thogonal transformation p, s from SO(r, s), we get a map cl(p,s):SO, ¢
— Aut(C¢;¢). The bundle associated to this bundle is called the
Clifford bundle:
CK(E) = PSO (E)x cI(pr,s)Cfr, s
In fact C£(E) could be defined as the quotient bundle:
ClE) = (ZZ,@ E)/I(E)

where I(E) is the bundle of ideals!?.
It is also evident that each of the notions intrinsic to Clifford algebras
carries over to Clifford bundles. For example, there is a decomposition
CU(E) = CL’(E) @ CLY(E)
corresponding to the even-odd decomposition of the algebras.These
are the +1 and -1

eigenbundles of the bundle automorphism a: C4(E) — C¢(E) 19,
These two definitions are the same, since the fiber at x € E of Pgo
(E)X cigrs) Cly. s is CL, 4. All notions familiar from Clifford algebras
over real vector spaces carry over to Clifford bundles over manifolds.
If X is a Pseudo-Riemannian manifold, we can construct the Clifford
bundle C¢(TX ) associated with the Pseudo-Riemannian form on
the tangent bundle TX . We will also call this bundle C¢(X), in case
there is no confusion possible™.
Definition 33:
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An oriented manifold endowed with a spin structure will be called a
spin manifold™.
We are now going to define geometric differential operators that are
closely connected with the topological or geometrical structure of an
oriented Riemannian manifold X.
Definition 34:

Let X be an oriented manifold with a spin structure & :Pspin(X)
—Ps(X). A real or complex spinor bundle of X is a bundle of the
form[l,z,lo]

P

S (X ):{Pspi"

(X)x, L

(X )% L

with L a left module of C¢; sand p:Spin(r, s) — End (L) is the repre-
sentation given by left-multiplication of elements in Spin(r, s), and
where Lcis a complex left module for C£(R")®QC and p:Spin(r, s) —
End (Lc) is the representation given by left-multiplication of elements
in Spin(r, s). When (r, s)= (1, 3)were defined as certain equivalence
classes in appropriate sets, and a preliminary definition for field of
these object living on living Minkowski space-time was given™.
Remark 35: In what follows we denote the complexified left spin

spin

Clifford  bundle by (g, (X) =Pepin, . (X))
C® Ry 3=Psp;p, (X)x Ry ;and the complexified right
Clifford  bundle by (%,  (X) =Popin,  (X)%,

C@ ]EI.BEPS‘P:'J:LE (X)xr]ﬂ“l'-l[s}'

Remark 36: Taking e.g., Lc = C* and pc the DY29 @DOM? of
Spiny 3 =SL(2, C) in
End(C*), we immediatel}/ recognize the usual definition of the covari-
ant spinor bundle of L™ (where D is Dirac operator see the last sec-
tions).

If the module L(or L¢)is Z,-graded, the corresponding bundle is said
to be Z,-graded.
Example37: Consider C£(IR") as a module over itself by left multipli-
cation .
The corresponding real spinor bundle Clspin(X) = Pspin(X) %,CE(R")
,then:
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() Ctspin(X) is a "principal C£(R™-bundle"”, i.e., it admits a free action

of C£(R") on the right.

(ii)There is a natural embedding Pspin(X) © Clspin(X) which comes

from the embedding Spin, € C¢(R"). Hence, every real spinor bundle

for X can be captured from this one®.

A similar remark holds for the complex case.

Of course, the bundle Ctspin(X) differs from the Clifford bundle C¢

(X). They can be compared as follows. Consider the representation
Ad: Spin" — Aut(C{(R")

given by Adgy(e) = gpg’ for g € Spin" c(CL(R"). Clearly Ad.; = identi-

ty, and so this representation descends to a representation Ad' of SO,

One easily checks that Ad' is just the representation C¢(p,,) given by
ct (X) = Pspin(x) Xad Cf(Rn)-

We say two spinor bundles of X are equivalent iff they are equivalent

as bundles of C¢(X)-modules.

A bundle of (real or complex, graded or ungraded) C¢(X)-modules is

called irreducible if at each x the fibre is irreducible as a (real or com-

plex, graded or ungraded) module over C£(X,) Y. Recall that, when X

is a spin manifold ;

(i)the elements of C¢ (X) = Pgyin(X) xaq C£(R") are equivalence classes

[(p,a)] of pairs (p,a) where p € Pgyin(X), a€ CE(R") and (p,a) ~(p',a")

& p'=put, a' =uau™, for some ue spin.

(ii) the elements of Cf*spin(X) are equivalence classes of pairs (p,a)

where p € Pgin(X),

a€ C¢(R") and (p,a) ~(p',a") < p' =pu™, a' = au™, for some u€ spin.

(iii) the elements of C£” in(X) are equivalence classes of pairs (p,a)

where

p € Pyin(X), a€ CE(R") and (p,a) ~(p',a’) & p' =pu™, @' = au™, for

some UE spin.

Proposition 38:

There is a natural pairing secC#" spin(X)*seCcCE™ pin(X)=sec C¢ (X).
Proof :Given a€ secC#' spin(X), PE secCf " gyin(X)select representatives
(p, a) for a(x) and (p, b) for A(x) (with pex(x)) and define (0f)(X) :=
[(p, ab)] € C£(X). If alternative representatives (pu™, ua) and (pu™*,bu
%) are chosen for a(x) and A(x) we have

(pu:], uabu™) ~ (p, ab) and thus (af)(x) is well define element of C¢
X)Po
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Let us now say a word about the Z,-graded case. There is a natural
one-to-one
correspondence between classes of bundles of irreducible Z,-graded

modules over C&(X) = CL2(X) @ C£(X) and classes of bundles of ir-

reducible modules over C£°(X). Given a bundle S(X) = S°(X) @ S*(X)

of the first kind, S°(X) is of the second. Given an S°(X) of the second
kind, the bundle S(X) = Cf(X) ® 4oz SO(X) is of the first.

Suppose now that n = 2m and Sc(X) is the irreducible complex spinor
bundle of X. We shall show explicitly how to split S¢(X) into a direct
sum

Se(X) = S7(X) @ S;(X)

of C%(X) -modules. Interpreting S (X) as S2(X)and SZ(X)as
S2(X), or the other way around, gives a Z,-graded module structure to
Sc(X).

There is an analogous construction in the real case.

S =S"X® s

Recall that every module for C£(R") can be written as a direct sum of
irreducible ones, and there are at most two equivalence classes of irre-
ducible modules!?.

Proposition 39:

Let S(X) be a real spinor bundle of X. Then S(X) is a bundle of mod-
ules over the bundle of algebras C¢(X). In particular the sections of the
spigosg bundle are a module over the sections of the Clifford bun-
dle"™.

Remark 40: The corresponding fact holds in the complex and Z,-
graded cases and

Sections of S(X) are called spinors.

Definition 41: X

The dual spinor bundle S (X) is real or complex spinor bundle

Pein (X )Xu L

S*(X)Z{P (X ), L

spin
with L™ is a right module of C¢; s and p:Spin(r, s) — End(L) is the
representation given by right-multiplication of (inverse)elements in
Spin(r, s),and where L’ is a complex right module for C£(R")®C and
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W:Spin(r, s) — End(Lc) is the  representation given by right-
multiplication of (inverse) elements in Spin(r, s) ..

Definition 42:
Let U be the universal bundle of the Grassmannian. We call sU = S
the spinor bundle on Q. Its rank is 2. We call s*U = S'and s™'U =
S" the two spinor bundles on Qy, their rank is 2“1 1f f is an automor-
phism of Q, that exchanges the two families of
k-planes, we have
f'S'~S"andfS" =S

It is clear that spinor bundles S on all quadrics Q are homogeneous,
e, fS=S
v € Aut(Q)o, where Aut(Q), is the connected component of the iden-
tity in Aut(Q).
From the geometrical description given above, the following theorem
is clear.

Theorem43:

(1) Let S', S" be the spinor bundles on Q, and let i:Q..1 — Qx be a
smooth hyperplane section. Then i*S' =~ i*S" =~ S, where S is the
spinor bundle on Q..
(i1) Let S be the spinor bundle on Qu.i, and let 1:Q — Qi be a
smooth hyperplane section. Then i*S =~ S'@ S", where S' and S" are
the spinor bundles on Qy, .
Example44: In the definition of spinor bundles, the two embeddings
s.Q4 — Gr(l, 3) and s":Q4 —Gr(l, 3) are isomorphisms. So the spinor
bundles on Q4 are the universal bundle and the dual of the quotient
bundle.
The embedding S: Q;—Gr(l, 3) corresponds to a hyperplane section.
If S is the spinor bundle on Q;, then $%S" = TQs. In fact TQ4/Qq=
S'@®S” =~ $%S'@ (1) and the exact
sequence splits

0—-TQ3—TQ4/Q3—(1)—0

On Q, the two spinor bundles are the duals of the two line bundles
corresponding to two skew-lines on Q,. On Q; =~ p* we can define the
spinor bundle to be Op;(-1)1.
Corollary45:

Let | c Q, (n > 3) be a line and let S be a spinor bundle on Q.. Then

[xz2)

{n—z_’-]

S|, = 0,% (‘BUJ(_DE]Z’ =
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Relations between spinor bundles and spinor structures
For every x € M, the spinor representation 7,.: C£(g,) = End X,

defines the real line a(ty) and the circle c(t,) ™. The set

a(r)= U a(r,)cHom(Z,2") =X ®%".
X eM
has the structure of a real line bundle over M. The set
C(r): U C(TX)C Hom(Z,Z) =X ®X.
X eM
has the structure of a bundle of circles over M, it is a principal U(1)-
bundle. If this bundle is trivial, i.e; if it has a (global) section C: M
—¢(7), then we can define the real line bundle over M,
b(z.C)=[Jb(z,.C(x))cHoM(Z,2) =5 ®%".
xeM
Proposition 46.
Let (M, g) be an oriented Riemannian manifold with (V, h) as the

local model.
(i) To every spinor bundle there corresponds a Clifford complex
(Clifford®) structure such that the associated spinor bundle is isomor-
phic to 7:C¢(g) — End 3%,
(ii) This Clifford® structure can be reduced to a spin structure if, and
only if, the line bundle above is trivial.
(iii) The Clifford® structure can be reduced to a Clifford structure if,
and only if, the bundle of circles above is trivial.
(iv) If the bundle of circles is trivial, then the resulting Clifford struc-
ture can be reduced to a spin structure if, and only if, the real line bun-
dle above is trivial™.
Definition 47:

Suppose E is a smooth Riemannian vector bundle over a manifold X
and that
&:Pspin(E)— Pso(E) is a spin structure on E. Then, of course, any con-
nection on Pg(E) can be lifted via & to a connection on Pg,n(E), and
this, in turn, defines a connection on the associated spinor bundles.
We give two equivalent definitions of a connection on a principal G-

m
bundle with projection P — X.
Firstly, we define the vertical tangent space TP at p as the sub-

space of T,, P which is tangent to the fiber of the projection P ix. A
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T
connection on P — X is a smoothly varying family of linear subspac-
es (T7),ep Of the tangent bundle T P which is
everywhere complementary to the vertical distribution (T,/'1), e p

and which is invariant under the action of the group G. The distri-
bution (T,),ep iscalled the horizontal distribution. Note that

TP =T'P@®THP W,

™
Secondly, to give a connection on P — X is to give a connection 1-
form w on P with values in g satisfying two conditions.
It transforms by the adjoint action, i.e. for any g in G, p in P and any y

in TpP, we have

op §(rg) = g oy (g

For any a in g, the associated vector field V, on P defined by the
tangent vector of the curve pe®at any p €P . It holds that w(V, ) =a.
Note that the horizontal distribution can be recaptured by taking the
kernel of the connection 1-form assigned to it.

Lemma 48:

Given a Euclidean connection on a real vector bundle E, there
iIs a canonical orthogonal connection (i.e. the decomposition
TP = TVP @ TZP is Euclidean) on its orthonormal frame

50(n) .
bundle P —— X Reversely, any orthogonal connection on the frame
50(n) . . .
bundle P —— X induces a Euclidean connection on E. Further-
more, these operations are inverse to each other™?.
Lemma 49:
Given a Lie group G and a connection on a principal G-bundle P

Fis
— X there is an induced connection on any vector bundle
P x.V coming from a linear representation G —GL(V )%,

The curvature of the connection is the g-valued 2-form Q given by the
equation
Q=dw + [w,w].

Example 50: Let P = P¢,(E) where E is a smooth, oriented Riemanni-
an vector bundle. The Lie algebra SO, of real, skew-symmetric nxn-
matrices. Hence, a connectionl-form « can be considered as an nxn-
matrix of 1-forms o = (wjj) where wj; = -w;;' The corresponding curva-
ture is a matrix of 2-forms Q = Q;;where
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Q; =d oy +kZ;a)|kAa)kj

Suppose that it = (ey,..., €,) IS just a section of Py, (E) over US X,
and it can be lifted to a section g of Pg,(E) over U. There are two
possible such liftings. They satisfy the relation:

Eoll =H.
The connection 1-form on Pgpin(E) is j]ust the lift £* (the pull down)
of the connection 1-form o on Py (E) ).
Theorem 51:
Let @ be the connection i-form on Pg,(E) and let S(E) be any spinor

bundle associated to E. Then the covariant derivative V° on S(E) is
given locally by the formula @

% :%Z@” Qee;.
i<j
where it = (ey,..., €y) Is a local section of Pg(E), w = y*(w), and
where E = (03, .., ,0p) 1S @ local section of Ps,(S(E)) determined by .

Theorem 52:
Let Q be the curvature 2-form on Pg,(E) and let S(E) be any spinor
bundle associated to E. Then the curvature (K by the formula S of S(E)
is given locally
RS =12ﬁij ®ee;.
i<j
where i = (ey,..., €y) is a local section of P, (E), 0= y*(_l’?!) and
where 6 is any
section of S(E) %,
In particular, for any two tangent vectors V and W at x £ X, the cur-
vature transformation Rj;;.-: S(E,)—S(E,) is given by the formula
s 1
RS =§Z<RVW (e .€)ese;.
i<j
where R, is the curvature transformation of E,.
Definition 53:

Dirac operator D acting on sections of spinor bundle 2 — M is glob-
ally defined as follows.

necessarily orthonormal) frames on U,. For every p € U,, the compo-



Yousif Eltaceb & Adam Abdallah, ALGEBRA AND STRUCTURES OF
SPINORS FIBER BUNDLES

nents of the metric tensor g with respect to e at p are g,,(p) = g(eu(p),
e,(p)) and there is the inverse g“’(p) of g,,(p). The restriction of the
Dirac operator to U, is*?
D =g"z(,)V, -

The Dirac operator on M well defined by its restrictions to the sets (U)
providing an open cover of M.
Note that the connection V™™ giving rise to the connection on the
spinor bundle is
required to be metric, but may have torsion. In fact, there are mathe-
matical and physical reasons to consider metric connections with tor-
sion in the context of spinors .
Definition 54:
A Dirac bundle over a Riemannian manifold X is a bundle S of left
modules over C£(X) together with a Riemannian metric and connec-
tion on S having properties
(e;0y,8,0,) = {g3,0,) and V(go) = (Vg)o + @(Vo), for
all g € T(CE(X)),
ael(S).
The operator D is elliptic if the linear map o¢(D): Ex —Ej is an iso-
morphism for all
E#£0
Lemma 55:
Let D be the Dirac operator of the bundle S defined above. Then for
any EET (X)=T(X) we have that

o{D)=i¢

o{D%)=||¢ ]I
where the symbol on the right denotes Clifford multiplication by the
vector & and the scalar ||&]|%. In particular, both D and D? are elliptic
operators?.
Theorem 56:
Let X be a complete Riemannian manifold and let D be the Dirac op-
erator of any Dirac bundle S over X. Then the closure of D in L%(S) is
a self-adjoint operator. Furthermore, ker(D) = ker(D?) on L?(S).

Where L a canonical bundle map L: C¢(X) — C¢(X) defines by L(w )
2]

=—Xe e .
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Lemma 57:
Let D, S and X be as above. Then for any f € C*(X) and any

@ ET(S) =C™(X),
we have that

D(f ¢) =(gradf) . +fD @ .
Proof: D(f ) =Xe.Ve (f @) =Xe{(ef) ¢ + fVep} =
Y(ef)e.@)+ fD @) =(gradf). ¢ +D ¢ o
Having discussed Dirac bundles in general terms, it is now time to
look hard at some important examples. We begin with the basic ones.
Example 58: (an historical case) Let X = R", Euclidean n-space, and
let S= R" x V where V is some finite dimensional module for C¢, . In

this case the Dirac operator is a constant coefficient operator (on V-
valued functions) of the form!?
: 0
D= -
;:l?/k ox,
where each y;, is a linear map y;.:¥ — ¥ and where
ViV TVe¥; = —20% .
This particular operator has historical roots in physics. In the 1920s®,
the physicist P.A.M. Dirac was searching for a Lorentz-invariant first-
order differential operator whose square would be the Klein-Gordon
operator. Thus he was essentially led to search for a first order opera-
tor D of the form above which satisfied the equation
D? = A where A = -Y.6%/0x? is the positive Laplacian in R". Realizing
that the y,'s must be matrices, he was led immediately by this equation
to the above relations, which we recognize now as the generating rela-
tions of a representation of C¢,.
Letn=1,sothat Cf, =V =C=R2 . Then we have
D=i-2
oX,
the generator of a basic semi-group of unitary operators on L?.
Letn=2,sothat Cf, =V =[H = € & C. The decomposition of [H

into C &) C is natural and corresponds to the Z ,-grading C¢3 & C¥3
[10]

D :eli+e2i
OX, oX,
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0
0z

0

has the form D = where /07 = 0/0x, +i0/ox,

oz
Letn=3,sothat Ct; =H ¢ H and V = [H . C¢; has two representa-
tions on H given as identify R® with Im(H), by letting i,j,k act on ei-
ther the right or the left in H. on the left, we get Dirac operator on [H
D =i 0 + ] 0 +k 0
oX, ~ OX, OX
Letn =4, sothat Cf,=H(2)and V=H?*=H ® H . Here again the
splitting corresponds to a Z ,-grading of the module V, and D inter-
changes parts. To describe the full Dirac operator we consider first the
following H under the standard basis (1,i,,k)

68.6.6k688.6.6 0

—= +1 +] + ,— = +1 +] +k
oq ox, OX, ~ 0OX, OX, 00 OX, OX; ~ OX, OX 4
=
then D= 5 q
— 0
oq

Thus, left multiplication be represented by complex 2x2-matrices oy,
, and a3 respectively, then the operator @ /dg  becomes

0 0 0 0 0
—_— = +Gl +02 -|-O'3 .
oq ox, OX, oX, OX 4

The matrices oy can be chosen to be the classical Pauli matrices:

o, 3o )

Note that these matrices generate the fundamental representation of
Ct in complex form[?%,

Example 59: (the Clifford bundle). Let S = C¢(X) with its canonical
Riemannian connection, and view C¢(X) as a bundle of left modules
over itself by left Clifford multiplication. The Dirac operator in this
case is a square root of the classical Hodge Laplacian!?,

Example 60: (the spinor bundles). Suppose X is a spin manifold with
a spin structure on its tangent bundle. Let S be any spinor bundle asso-
ciated to T(X). Then S is a bundle of modules over C¢(X), and S car-
ries a canonical Riemannian connection which has property of defini-
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tion54. The Dirac operator in this case was first written down by Ati-
yah and Singer in their work on the Index theorem. Finding this opera-
tor was a major accomplishment, and for this reason we shall call it
the Atiyah-Singer operatort.

Notation. For spin manifolds X of even dimension we shall denote the
(unique) irreducible complex spinor bundle by $.; and when dim(X)
= 3(mod4), we denote the

irreducible real spinor bundle by $. In both cases the Atiyah-Singer

operator will be written B .

These basic examples each generate large families of new examples
by the following construction.

Let S and E be a given Dirac bundle with connectionVs and V= over a

Riemannian manifold X. Then the tensor product S E is again a bun-
dle of left modules over C¢(X), where for @ € C{(X), o €S, e E ,

p.(c ®e) = (¢.0) ®e".

Furthermore, we can equip SEJE with the canonical tensor product
connection,

V= V= X V& which is defined on sections of the form o ) e by the
formula

Vie®e)= (Vo) Re+o®(VFe).
CONCLUSION

The researchs have discussed how Riemannian geometry, including
the theory of
spinor fiber bundle, fits into the general setting of principal fibre bun-
dles. We see that the spinor bundles defined as vector bundles whose
fibers carry spinor representations of the Clifford algebras C¢(g),
spinor fields are sections of spinor bundles. As it turns out, the theory
of spinor structures for Riemannian geometry extends naturally to the
general setting, and a large part of the work here has been in establish-
ing the appropriate classifications for abstract spinor structures.
With this constructive classification tool, we have investigated the
usefulness of spinor structures of Clifford algebra. We have also given
an explicit description of an important physical applications of spinor
bundle, and used a spinor connection and the constant Dirac matrices
of special relativity to define the Dirac operator using the Clifford al-
gebra of spacetime and Dirac operation.
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